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Abstract
Let VL be the vertex algebra associated to a non-degenerate even
lattice L, θ the automorphism of VL induced from the −1-isometry
of L, and V +
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the fixed point subalgebra of VL under the action of
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1 Introduction
Let V be a vertex algebra, G a finite automorphism group of V , and V G
the fixed point subalgebra of V under the action of G: V G = {u ∈ V | gu =
u for all g ∈ G}. The fixed point subalgebras play an important role in
the study of vertex algebras, particularly in the construction of interesting
examples. For example, let VL be the vertex algebra associated to a non-
degenerate even lattice L of finite rank and θ the automorphism of VL of
order 2 induced from the −1-isometry of L. We write V ±L = {a ∈ VL | θ(a) =
±a} for simplicity. Then, the moonshine vertex algebra V ♮ is constructed
from V +Λ and an irreducible V
+
Λ -module in [28] where Λ is the Leech lattice.
We remark that V +Λ is also a fixed point subalgebra of V
♮ under the action
of an automorphism of order 2.
One of the main problems about V G is to describe the V G-modules in
terms of V and G. If V is a vertex operator algebra, it is conjectured that
under some conditions on V , every irreducible V G-module is a submodule
of some irreducible g-twisted V -module for some g ∈ G (cf. [14]). The con-
jecture is confirmed for many examples including V +L where L is a positive
definite even lattice (cf. [5, 19, 24, 25, 26, 39, 40]). In those examples, they
classify the irreducible V G-modules directly by investigating the Zhu alge-
bra, which is an associative C-algebra introduced in [44], since [44, Theorem
2.2.1] says that for a vertex operator algebra V there is a one to one corre-
spondence between the set of all isomorphism classes of irreducible N-graded
weak V -modules and that of irreducible modules for the Zhu algebra asso-
ciated to V , where we note that an arbitrary V -module is automatically an
N-graded weak V -module. We recall some results on the representations of
VL and V
+
L . It is well known that the vertex algebra VL is a vertex operator
algebra if and only if L is positive definite. It is shown in [15, Theorem
3.1] that {Vλ+L | λ + L ∈ L⊥/L} is a complete set of representatives of
equivalence classes of the irreducible weak VL-modules (see Definition 2.1
for the definition of a weak module), where L⊥ is the dual lattice of L.
It is also shown in [21, Theorem 3.16] that every weak VL-module is com-
pletely reducible. The corresponding results for θ-twisted weak VL-modules
are obtained in [16]. When the lattice L is positive definite, the irreducible
V +L -modules are classified in [5, 25], the fusion rules are determined in [2, 6]
and it is established that V +L is C2-cofinite in [4, 41] and rational in [3, 18].
Thus, in this case it follows from [4, Theorem 4.5] that V +L is regular and
every irreducible weak V +L -module is an irreducible V
+
L -module. Here, it
is worth mentioning that if a vertex operator algebra V is simple and C2-
cofinite, then so is V G for any finite solvable automorphism group G of V
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by [35].
We consider the case that L is not positive definite. In this case, ver-
tex algebras VL and V
+
L are also related to V
♮. In fact, in [9], Borcherds
constructs the monster Lie algebra from the tensor product V ♮ ⊗C VII1,1
where II1,1 is the even unimodular Lorentzian lattice of rank 2 and uses this
Lie algebra to prove the moonshine conjecture stated in [10]. Moreover,
let II25,1 be the even unimodular Lorentzian lattice of signature (25, 1)
and Γ a Niemeier lattice, where we recall that the Leech lattice Λ is one
of the Niemeier lattices. It is known that the direct sum Γ ⊕ II1,1 is
isomorphic to II25,1, which implies that VII25,1
∼= VΓ ⊗ VII1,1 and hence
V +II25,1
∼= V +Γ ⊗ V +II1,1 ⊕ V −Γ ⊗ V −II1,1 . Thus, V +Γ ’s are related to each other
through V +II25,1 . Since V
+
Λ is a fixed point subalgebra of V
♮ as mentioned
above and there are several interesting connections between II25,1 and the
Niemeier lattices obtained in [7] and [11, 12] (see also [13, Chapters 24 and
26]), one may expect that the study of VII25,1 and its subalgebras including
V +II25,1 provides a better understanding of the moonshine vertex algebra V
♮
and related algebras. This is one of the motivations to study representa-
tions of V +L . As mentioned above VL is not a vertex operator algebra in this
case, however, we note that the conjecture about representations for V G
above makes sense even for (weak) modules for a vertex algebra V . For V +L -
modules, the irreducible V +L -modules are classified by using the Zhu algebra
in [30, 42] and it is established that V +L is C2-cofinite in [29] and rational in
[43]. However, the study of weak V +L -modules has not progressed in spite of
the fact that V +L itself is a weak module but not a module for V
+
L , because
of the absence of useful tool like the Zhu algebras for weak modules.
The following is the main result of this paper, which implies that for
any non-degenerate even lattice L of finite rank, every irreducible weak
V +L -module is isomorphic to a weak submodule of some irreducible weak VL-
module or to a submodule of some irreducible θ-twisted VL-module. Namely,
the conjecture above holds for irreducible weak V +L -modules.
Theorem 1.1. Let L be a non-degenerate even lattice of finite rank with
a bilinear form 〈 , 〉. The following is a complete set of representatives of
equivalence classes of the irreducible weak V +L -modules:
(1) V ±λ+L, λ+ L ∈ L⊥/L with 2λ ∈ L.
(2) Vλ+L ∼= V−λ+L, λ+ L ∈ L⊥/L with 2λ 6∈ L.
(3) V
Tχ,±
L for any irreducible Lˆ/P -module Tχ with central character χ.
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Here, V ±λ+L = {u ∈ Vλ+L | θ(u) = ±u} for λ+L ∈ L⊥/L with 2λ ∈ L, Lˆ
is the canonical central extension of L by the cyclic group 〈κ〉 of order 2 with
the commutator map c(α, β) = κ〈α,β〉 for α, β ∈ L, P = {θ(a)a−1 | a ∈ Lˆ},
V
Tχ
L is a θ-twisted VL-module, and V
Tχ,±
L = {u ∈ V
Tχ
L | θ(u) = ±u}. Note
that in Theorem 1.1, V
Tχ,±
L in (3) are V
+
L -modules, however, if L is not
positive definite, then V ±λ+L in (1) and Vλ+L in (2) are not V
+
L -modules
(see (2.17)). If L is positive definite, then Theorem 1.1 is the same as [5,
Theorem 7.7] and [25, Theorem 5.13]. Using Theorem 1.1, in [38, Theorem
1.1] we show that every weak V +L -module is completely reducible for any
non-degenerate even lattice L of finite rank.
Let us explain the basic idea briefly in the case that rankL = 1. We write
L = Zα and we further assume that 〈α,α〉 6= 2 to simplify the argument.
When 〈α,α〉 = 2, we only need to change the set of generators for V +L in
the following argument. Let V be a vertex algebra and (M,YM ) a weak
V -module. For u ∈ V and v ∈ M , we write the expansion of YM(u, x)v by
YM (u, x)v =
∑
i∈Z uivx
−i−1 and define ǫ(u, v) ∈ Z ∪ {−∞} by
uǫ(u,v)v 6= 0 and uiv = 0 for all i > ǫ(u, v) (1.1)
if YM (u, x)v 6= 0 and ǫ(u, v) = −∞ if YM (u, x)v = 0. It is known that
the vertex operator algebra M(1) associated to the Heisenberg algebra is
a subalgebra of VL and the fixed point subalgebra M(1)
+ = M(1)〈θ〉 un-
der the action of θ is a subalgebra of V +L . The irreducible M(1)
+-modules
are classified in [24, 26] and the fusion rules for M(1)+-modules are deter-
mined in [1, 6]. The vertex operator algebra M(1)+ is generated by the
conformal vector (Virasoro element) ω and a homogeneous element H (or
J) of weight 4, and V +L is generated by M(1)
+ and E = eα + θ(eα) (see
(3.2)). We can find some relations for ω,H in M(1)+ and for ω,H,E in
V +L with the help of computer algebra system Risa/Asir[36] (Lemma 3.5).
Let v be a non-zero element of a weak V +L -module M . If ǫ(ω, v) ≥ 1, then
taking suitable actions of the relations on v and using the commutation
relations, we obtain relations in SpanC{ωiǫ(ω,v)Hjǫ(H,v)v | i, j ∈ Z≥0} or in
SpanC{ωiǫ(ω,v)Hjǫ(H,v)Eǫ(E,v)v | i, j ∈ Z≥0} with the help of computer alge-
bra system Risa/Asir (Lemmas 3.6 and 3.7). Using these relations in M , we
can get a simultaneous eigenvector u ∈ M for ω1 and H3 with ǫ(ω, u) ≤ 1
and ǫ(H,u) ≤ 3, namely we have an irreducible module Cu for the Zhu alge-
bra A(M(1)+) of M(1)+ (Lemma 3.7). Moreover, we have some conditions
on ǫ(E, u) (Lemmas 3.10, 3.11, and 3.12). Using results of extension groups
for M(1)+-modules (Section 5), we have an irreducible M(1)+-module K
in the M(1)+-submodule of M generated by Cu (Lemma 7.3). Since V +L
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is a direct sum of irreducible M(1)+-modules, for any irreducible M(1)+-
submodule N of V +L , the V
+
L -module structure ofM induces an intertwining
operator I( , x) : N ×K → M((x)) for weak M(1)+-modules. By using re-
sults of extension groups forM(1)+-modules (Section 5), the same argument
as above shows that there exists an M(1)+-module which is a direct sum
of irreducible M(1)+-modules in the image of I( , x) (Section 6). Thus,
we obtain a weak irreducible V +L -submodule W of M which is isomorphic
to a submodule of a θ-twisted irreducible VL-module or is a direct sum of
pairwise non-isomorphic irreducible M(1)+-modules (Lemma 7.3). In the
latter case, by a standard argument we can determine the possible weak
V +L -module structures for such an M(1)
+-module (Lemma 7.4) and hence
we obtain the desired result. For general L, we divide our analysis into four
cases based on the norm of an element of C⊗ZL and carry out the procedure
above by an enormous amount of computation.
Complicated computation has been done by a computer algebra system
Risa/Asir[36]. Throughout this paper, the word “a direct computation”
means a direct computation with the help of Risa/Asir.
The organization of the paper is as follows. In Section 2 we recall some
basic properties of the vertex algebra M(1) associated to the Heisenberg
algebra and the vertex algebra VL associated to a non-degenerate even lattice
L. In Section 3 we construct an irreducible module for the Zhu algebra of
M(1)+ in a weak V +L -module in the case that the rank of L is 1. In Section
4 we do the same for the general even non-degenerate lattice L. In Section 5
we investigate extension groups for M(1)+-modules. In Section 6 we study
intertwining operators for a triple of weak M(1)+-modules. In Section 7 we
give a proof of Theorem 1.1. In Section 8 (Appendix) we put computations
of aib for some a, b ∈ V +L and i = 0, 1, . . . to obtain a set of generators of a
given M(1)+-module. In Section 9 we list some notation.
2 Preliminary
We assume that the reader is familiar with the basic knowledge on vertex
algebras as presented in [8, 28, 32, 33].
Throughout this paper, p is a non-zero complex number, N denotes the
set of all non-negative integers, Z denotes the set of all integers, L is a non-
degenerate even lattice of finite rank d with a bilinear form 〈 , 〉, (V, Y,1) is
a vertex algebra. Recall that V is the underlying vector space, Y ( , x) is the
linear map from V ⊗C V to V ((x)), and 1 is the vacuum vector. Throughout
this paper, we always assume that V has an element ω such that ω0a = a−21
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for all a ∈ V . For a vertex operator algebra V , this condition automatically
holds since V has the conformal vector (Virasoro element). For i ∈ Z, we
define
Z<i = {j ∈ Z | j < i} and Z>i = {j ∈ Z | j > i}. (2.1)
The notion of a module for V has been introduced in several papers, however,
if V is a vertex operator algebra, then the notion of a module for V viewed
as a vertex algebra is different from the notion of a module for V viewed
as a vertex operator algebra (cf. [32, Definitions 4.1.1 and 4.1.6]). To avoid
confusion, throughout this paper, we refer to a module for a vertex operator
algebra defined in [32, Definition 4.1.6] as a module and to a module for a
vertex algebra defined in [32, Definition 4.1.1] as a weak module. The reason
why we use the terminology “weak module” is that when V is a vertex
operator algebra, a module for V viewed as a vertex algebra is called a weak
V -module (cf. [33, p.157], [21, p.150], and [4, Definition 2.3]). We write
down the definition of a weak V -module:
Definition 2.1. A weak V -module M is a vector space over C equipped
with a linear map
YM ( , x) : V ⊗C M →M((x))
a⊗ u 7→ YM (a, x)u =
∑
n∈Z
anux
−n−1 (2.2)
such that the following conditions are satisfied:
(1) YM(1, x) = idM .
(2) For a, b ∈ V and u ∈M ,
x−10 δ(
x1 − x2
x0
)YM (a, x1)YM (b, x2)u− x−10 δ(
x2 − x1
−x0 )YM (b, x2)YM (a, x1)u
= x−11 δ(
x2 + x0
x1
)YM (Y (a, x0)b, x2)u. (2.3)
For n ∈ C and a weak V -moduleM , we defineMn = {u ∈ V | ω1u = nu}.
For a ∈ Vn (n ∈ C), wt a denotes n. For a vertex algebra V which admits a
decomposition V = ⊕n∈ZVn and a subset U of a weak V -module, we define
ΩV (U) =
{
u ∈ U
∣∣∣ aiu = 0 for all homogeneous a ∈ V
and i > wt a− 1.
}
. (2.4)
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For a vertex algebra V which admits a decomposition V = ⊕n∈ZVn, a weak
V -module N is called N-graded if N admits a decomposition N = ⊕∞n=0N(n)
such that aiN(n) ⊂ N(wt a− i − 1 + n) for all homogeneous a ∈ V , i ∈ Z,
and n ∈ Z≥0, where we define N(n) = 0 for all n < 0. For a triple of weak
V -modules M,N,W , u ∈ M,v ∈ W , and an intertwining operator I( , x)
from M ×W to N , we write the expansion of I(u, x)v by
I(u, x)v =
∑
i∈C
uivx
−i−1 =
∑
i∈C
I(ui; i)vx
−i−1 ∈ N{x}. (2.5)
In this paper, we consider only the case that the image of I( , x) is contained
in N((x)), namely I( , x) :M ×W → N((x)). For a subset X of W ,
M ·X denotes SpanC{aiu | a ∈M, i ∈ Z, u ∈ X} ⊂ N. (2.6)
For an intertwining operator I( , x) :M ×W → N((x)), u ∈M , and v ∈W ,
we define ǫI(u, v) = ǫ(u, v) ∈ Z ∪ {−∞} by
uǫI(u,v)v 6= 0 and uiv = 0 for all i > ǫI(u, v) (2.7)
if I(u, x)v 6= 0 and ǫI(u, v) = −∞ if I(u, x)v = 0. If M is irreducible, then
ǫI(u, v) ∈ Z by [20, Proposition 11.9]. We will frequently use the following
easy formula:
Lemma 2.2. Let M,W,N be three weak V -modules and I( , x) :M ×W →
N((x)) an intertwining operator. For a ∈ V , b ∈ M , m ∈ Z≥−1, k ∈ Z≤−1,
and n ∈ Z,
(akb)n =
∑
i≤m
i+j−k=n
(−i− 1
−k − 1
)
aibj +
∑
i≥m+1
i+j−k=n
(−i− 1
−k − 1
)
bjai
−
m∑
i=0
(−i− 1
−k − 1
) ∞∑
l=0
(
i
l
)
(alb)n+k−l
=
∑
i≤m
i+j−k=n
(−i− 1
−k − 1
)
aibj +
∑
i≥m+1
i+j−k=n
(−i− 1
−k − 1
)
bjai
+ (−1)k
∞∑
l=0
(
l − k − 1
−k − 1
)(
m− k
l − k
)
(alb)n+k−l. (2.8)
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Proof. The first expression follows from
(akb)n =
∑
i<0
i+j−k=n
(−i− 1
−k − 1
)
aibj +
∑
i≥0
i+j−k=n
(−i− 1
−k − 1
)
bjai
=
∑
i≤m
i+j−k=n
(−i− 1
−k − 1
)
aibj +
∑
i≥m+1
i+j−k=n
(−i− 1
−k − 1
)
bjai −
∑
0≤i≤m
i+j−k=n
(−i− 1
−k − 1
)
[ai, bj ].
(2.9)
The last expression follows from the fact that
∑m
i=0
(
−i−1
−k−1
)(
i
l
)
= (−1)k+1(l−k−1−k−1)(m−kl−k )
for l ∈ Z≥0.
We recall the vertex operator algebra M(1) associated to the Heisenberg
algebra and the vertex algebra VL associated to a non-degenerate even lattice
L. Let h be a finite dimensional vector space equipped with a non-degenerate
symmetric bilinear form 〈 , 〉. Set a Lie algebra
hˆ = h⊗ C[t, t−1]⊕ CC (2.10)
with the Lie bracket relations
[β ⊗ tm, γ ⊗ tn] = m〈β, γ〉δm+n,0C, [C, hˆ] = 0 (2.11)
for β, γ ∈ h and m,n ∈ Z. For β ∈ h and n ∈ Z, β(n) denotes β ⊗ tn ∈ Ĥ.
Set two Lie subalgebras of h:
ĥ≥0 =
⊕
n≥0
h⊗ tn ⊕ CC and ĥ<0 =
⊕
n≤−1
h⊗ tn. (2.12)
For β ∈ h, Ceβ denotes the one dimensional ĥ≥0-module uniquely determined
by the condition that for γ ∈ h
γ(i) · eβ =
{ 〈γ, β〉eβ for i = 0
0 for i > 0
and C · eβ = eβ . (2.13)
We take an ĥ-module
M(1, β) = U (ĥ)⊗
U (ĥ≥0)
Ceβ ∼= U (ĥ<0)⊗C Ceβ (2.14)
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where U (g) is the universal enveloping algebra of a Lie algebra g. Then,
M(1) =M(1, 0) has a vertex operator algebra structure with the conformal
vector
ω =
1
2
dim h∑
i=1
hi(−1)h′i(−1)1 (2.15)
where {h1, . . . , hdim h} is a basis of h and {h′1, . . . , h′dim h} is its dual basis.
Moreover, M(1, β) is an irreducibleM(1)-module for any β ∈ h. The vertex
operator algebra M(1) is called the vertex operator algebra associated to
the Heisenberg algebra ⊕06=n∈Zh⊗ tn ⊕ CC.
Let L be a non-degenerate even lattice. We define h = C⊗ZL and denote
by L⊥ the dual of L: L⊥ = {γ ∈ h | 〈β, γ〉 ∈ Z for all β ∈ L}. Taking M(1)
for h, we define Vλ+L = ⊕β∈λ+LM(1, β) for λ+L ∈ L⊥/L. Then, VL admits
a unique vertex algebra structure compatible with the action ofM(1) and for
each λ+L ∈ L⊥/L the vector space Vλ+L is an irreducible weak VL-module
which admits the following decomposition:
Vλ+L =
⊕
n∈〈λ,λ〉/2+Z
(Vλ+L)n where (Vλ+L)n = {a ∈ Vλ+L | ω1a = na}.
(2.16)
Note that if L is positive definite, then dimC(Vλ+L)n < +∞ for all n ∈ λ+L
and (Vλ+L)〈λ,λ〉/2+i = 0 for sufficiently small i ∈ Z. If L is not positive
definite, then
dimC(Vλ+L)n = +∞ (2.17)
for all n ∈ 〈λ, λ〉/2 + Z, which implies that Vλ+L is not a VL-module. For
α ∈ h, we write
E(α) = eα + θ(eα) (2.18)
Let Lˆ be the canonical central extension of L by the cyclic group 〈κ〉 of
order 2 with the commutator map c(α, β) = κ〈α,β〉 for α, β ∈ L:
0→ 〈κ〉 → Lˆ −→ L→ 0. (2.19)
Then, the −1-isometry of L induces an automorphism θ of Lˆ of order 2 and
an automorphism, by abuse of notation we also denote by θ, of VL of order
2. In M(1), we have
θ(h1(−i1) · · · hn(−in)1) = (−1)nh1(−i1) · · · hn(−in)1 (2.20)
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for n ∈ Z≥0, h1, . . . , hn ∈ h, and i1, . . . , in ∈ Z>0. For a weak VL-module
M , we define a weak VL-module (M ◦ θ, YM◦θ) by M ◦ θ =M and
YM◦θ(a, x) = YM (θ(a), x) (2.21)
for a ∈ VL. Then Vλ+L ◦ θ ∼= V−λ+L for λ ∈ L⊥. Thus, for λ ∈ L⊥ with
2λ ∈ L we define
V ±λ+L = {u ∈ Vλ+L | θ(u) = ±u}. (2.22)
Next, we recall the construction of θ-twisted modules for M(1) and VL
following [28]. Set a Lie algebra
hˆ[−1] = h⊗ t1/2C[t, t−1]⊕ CC (2.23)
with the Lie bracket relations
[C, hˆ[−1]] = 0 and [α⊗ tm, β ⊗ tn] = m〈α, β〉δm+n,0C (2.24)
for α, β ∈ h and m,n ∈ 1/2 + Z. For α ∈ h and n ∈ 1/2 + Z, α(n) denotes
α⊗ tn ∈ ĥ. Set two Lie subalgebras of hˆ[−1]:
ĥ[−1]≥0 =
⊕
n∈1/2+N
h⊗ tn ⊕ CC and ĥ[−1]<0 =
⊕
n∈1/2+N
h⊗ t−n. (2.25)
Let C1tw denote a unique one dimensional ĥ[−1]≥0-module such that
h(i) · 1tw = 0 for h ∈ h and i ∈ 1
2
+ N,
C · 1tw = 1tw. (2.26)
We take an ĥ[−1]-module
M(1)(θ) = U (ĥ[−1]) ⊗
U (ĥ[−1]≥0)
Cuζ ∼= U (ĥ[−1]<0)⊗C Cuζ . (2.27)
We define for α ∈ h,
α(x) =
∑
i∈1/2+Z
α(i)x−i−1 (2.28)
and for u = α1(−i1) · · ·αk(−ik)1 ∈M(1),
Y0(u, x) =
◦
◦
1
(i1 − 1)! (
di1−1
dxi1−1
α1(x)) · · · 1
(ik − 1)!
(
dik−1
dxik−1
αk(x))
◦
◦. (2.29)
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Here, for β1, . . . , βn ∈ h and i1, . . . , in ∈ 1/2+Z, we define ◦◦β1(i1) · · · βn(in)◦◦
inductively by
◦
◦β1(i1)
◦
◦ = β1(i1) and
◦
◦β1(i1) · · · βn(in)◦◦ =
{
◦
◦β2(i2) · · · βn(in)◦◦β1(i1) if i1 ≥ 0,
β1(i1)
◦
◦β2(i2) · · · βn(in)◦◦ if i1 < 0. (2.30)
Let h[1], . . . , h[dim h] be an orthonormal basis of h. We define cmn ∈ Q for
m,n ∈ Z≥0 by
∞∑
m,n=0
cmnx
myn = − log((1 + x)
1/2 + (1 + y)1/2
2
) (2.31)
and
∆x =
∞∑
m,n=0
cmn
dim h∑
i=1
h[i](m)h[i](n)x−m−n. (2.32)
Then, for u ∈M(1) we define a vertex operator YM(1)(θ) by
YM(1)(θ)(u, x) = Y0(e
∆xu, x). (2.33)
Then, [28, Theorem 9.3.1] shows that (M(1)(θ), YM(1)(θ)) is an irreducible
θ-twisted M(1)-module. Set a submodule P = {θ(a)a−1 | a ∈ Lˆ} of Lˆ. Let
Tχ be the irreducible Lˆ/P -module associated to a central character χ such
that χ(κ) = −1. We set
V
Tχ
L =M(1)(θ)⊗ Tχ. (2.34)
Then, [28, Theorem 9.5.3] shows that V
Tχ
L admits an irreducible θ-twisted
VL-module structure compatible with the action of M(1). We define the
action of θ on V
Tχ
L by
θ(h1(−i1) · · · hn(−in)u) = (−1)nh1(−i1) · · · hn(−in)u (2.35)
for n ∈ Z≥0, h1, . . . , hn ∈ h, i1, . . . , in ∈ 1/2 + Z>0, and u ∈ Tχ. We set
V
Tχ,±
L = {u ∈ V
Tχ
L | θ(u) = ±u}. (2.36)
We recall the Zhu algebra A(V ) of a vertex operator algebra V from [44,
Section 2]. For homogeneous a ∈ V and b ∈ V , we define
a ◦ b =
∞∑
i=0
(
wt a
i
)
ai−2b ∈ V (2.37)
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and
a ∗ b =
∞∑
i=0
(
wt a
i
)
ai−1b ∈ V. (2.38)
We extend (2.37) and (2.38) for an arbitrary a ∈ V by linearity. We also
define O(V ) = SpanC{a ◦ b | a, b ∈ V }. Then, the quotient space
A(V ) =M/O(V ) (2.39)
called the Zhu algebra of V , is an associative C-algebra with multiplication
(2.38) by [44, Theorem 2.1.1].
3 Modules for the Zhu algebra of M(1)+ in a weak
V +L -module: the case that rankL = 1
In this section, under the condition that the rank of L is 1, we shall show
that there exists an irreducible A(M(1)+)-module in an arbitrary non-zero
weak V +L -module.
Throughout this section, p is a non-zero complex number, h is a one
dimensional vector space equipped with a non-degenerate symmetric bilinear
form 〈 , 〉, h, α ∈ h such that
〈h, h〉 = 1 and 〈α,α〉 = p, (3.1)
M,N,W are weak M(1)+-modules, and I( , x) :M(1, α)×W → N((x)) is a
non-zero intertwining operator. We define
ω =
1
2
h(−1)21,
H =
1
3
h(−3)h(−1)1 − 1
3
h(−2)21,
J = h(−1)41− 2h(−3)h(−1)1 + 3
2
h(−2)21
= −9H + 4ω2−11− 3ω−31,
E = E(α) = eα + θ(eα). (3.2)
Since
0 = ω−2h(−1)1 − 2ω−1h(−2)1 + 3h(−4)1 (3.3)
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and [ω0, ai] = −iai−1 for all a ∈M(1) and i ∈ Z,
h(j)1 ∈ Span
{
ω−i1 · · ·ω−imh(−k)1
∣∣∣ m ∈ Z≥0, i1, . . . , im ∈ Z>0
and k = 1, 2, 3
}
(3.4)
for all j ∈ Z. For i, j ∈ Z, a direct computation shows that
[ωi, ωj ] = (i− j)ωi+j−1 + δi+j−2,0 i(i− 1)(i − 2)
12
, (3.5)
[ωi, Jj ] = (3i − j)Ji+j−1, (3.6)
[ωi,Hj ] = (3i − j)Hi+j−1 + i(i− 1)(3i + j − 6)
6
ωi+j−3
+
−1
3
(
i
5
)
δi+j−4,0, (3.7)
[ωi, Ej ] = ((−1 + p
2
)i− j)Ei+j−1, (3.8)
[h(i), ωj ] = h(i + j − 1), (3.9)
[h(i),Hj ] =
( i(i+ j − 2)(5i + j − 5)
6
+
(
i
3
))
h(i + j − 3), (3.10)
and
h(−2)h(−1) = ω0ω,
h(−3)h(−1) = H + 1
3
ω20ω,
h(−2)h(−2) = −2H + 1
3
ω20ω,
h(−3)h(−2) = −1
2
ω0H +
1
12
ω30ω,
h(−3)h(−3) = 1
3
ω2−21+
4
5
ω−1H +
−1
15
ω20ω−1ω +
−3
10
ω20H +
1
45
ω40ω.
(3.11)
It follows from (3.4), (3.7) and (3.11) thatM(1)+ is spanned by the elements
ω−i1 · · ·ω−imH−j1 · · ·H−jn1 where m,n ∈ Z≥0 and i1, . . . , im, j1, . . . , jn ∈
Z>0, which is already shown in [17, Theorem 2.7].
We have
J2E = 2(2p − 1)ω0E, J3E = (p2 − p
2
)E, JiE = 0 for i ≥ 4, (3.12)
and
H2E =
1
3
ω0E, HiE = 0 for i ≥ 3. (3.13)
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If p 6= 1/2, then
J1E =
2p(4p − 11)
2p− 1 ω−1E +
8p + 5
2p − 1ω
2
0E,
H1E =
2p
2p− 1ω−1E +
−1
2p− 1ω
2
0E (3.14)
and if p 6= 2, 1/2, then
J0E =
2(p− 8)(2p − 1)
p− 2 ω−2E +
4(4p2 − p+ 4)
(p− 2)(2p − 1)ω0ω−1E
+
−18
(p − 2)(2p − 1)ω
3
0E,
H0E =
2p
p− 2ω−2E +
−4p
(2p − 1)(p − 2)ω0ω−1E +
2
(2p − 1)(p − 2)ω
3
0E.
(3.15)
If p = 2, then by Lemma 2.2 and (8.61) in Section 8 for m ≥ 0,
[ωi, (H0E)j ]
= (3i− j)(H0E)i+j−1
+ 8
(
i
2
)(∑
k≤m
ωkEi+j−3−k +
∑
k≥m+1
Ei+j−3−kωk
+ ((m+ 1)(i+ j − 3)−
(
m+ 1
2
)
)Ei+j−4
)
− 2
(
i
2
)
(i+ j − 2)(i + j − 3)Ei+j−4
− 6
(
i
3
)
(i+ j − 3)Ei+j−4 + 12
(
i
4
)
Ei+j−4. (3.16)
If p = 1/2, then by (8.94) in Section 8,
[ωi, (H1E)j ] = (
5
4
i− j)(H1E)i+j−1
+
(
i
2
)
(i+ j − 2)Ei+j−3 +
(
i
3
)
Ei+j−3. (3.17)
For n ∈ Z, m ∈ Z≥−1, and k ∈ Z<0, using Lemma 2.2 and (3.8), we expand
each of (ωkE)n and (ω
2
−1E)n so that the resulting expression is a linear
combination of elements of the form
ωi1 · · ·ωirElωj1 · · ·ωjs (3.18)
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where r, s ∈ Z≥0, l ∈ Z, i1, . . . , ir ≤ m, and j1, . . . , js ≥ m+ 1 as follows:
(ωkE)n
=
∑
i≤m
(−i− 1
−k − 1
)
ωiEn+k−i +
∑
i≥m+1
(−i− 1
−k − 1
)
En+k−iωi
+ (−1)k((−n− k)
(
m− k
−k
)
+
( −k
−k − 1
)(
m− k
1− k
)
p
2
)En+k−1
(3.19)
and
(ω2−1E)n
=
∑
i<0,j<0,
k=n−i−j−2
ωiωjEk + 2
∑
i<0,0≤j,
k=n−i−j−2
ωiEkωj +
∑
0≤i,0≤j,
k=n−i−j−2
Ekωjωi
=
∑
i<0,j<0,
k=n−i−j−2
ωiωjEk
+ 2
∑
i<0,0≤j≤m,
k=n−i−j−2
(
ωiωjEk − ((−1 + p
2
)j − k)ωiEj+k−1
)
+ 2
∑
i<0,m+1≤j,
k=n−i−j−2
ωiEkωj
+
∑
0≤i,j≤m,
k=n−i−j−2
(
ωjωiEk + ((1− p
2
)j + k)((1 − p
2
)i+ j + k − 1)Ej+k−2
+ ((1 − p
2
)j + k)ωiEj+k−1 + ((1− p
2
)i+ k)ωjEi+k−1
)
+
∑
m+1≤i,0≤j≤m,
k=n−i−j−2
(
((1− p
2
)j + k)Ej+k−1ωi + ωjEkωi
)
+ (m+ 1)((1 − p
2
)m+ n−m− 3)En−4 + (m+ 1)ωmEn−m−3
+
∑
0≤i≤m,m+1≤j
(i,j)6=(m+1,0),
k=n−i−j−2
Ek(j − i)ωi+j−1 +
∑
0≤i≤m,m+1≤j,
k=n−i−j−2
((1− p
2
)i+ k)Ei+k−1ωj + ωiEkωj
)
+
∑
m+1≤i,j,
k=n−i−j−2
Ekωjωi. (3.20)
For i ∈ Z and a subset X of a weak M(1)+-module K, 〈ωi〉X denotes the
subspace of K spanned by the elements ωji u, j ∈ Z≥0, u ∈ X.
The following lemmas follows from (3.5)–(3.8), (3.16), and (3.17).
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Lemma 3.1. Let u be an element of a weak M(1)+-module (K,YK) with
ǫ(ω, u) = ǫYK (ω, u) ≥ 1.
(1) For any i ≥ 0, j > ǫ(ω, u), and k ≥ 2,
ωjω
i
ǫ(ω,u)u = ωjω
i
ǫ(ω,u)Jǫ(J,u)u = 0,
ωikJǫ(J,u)u = Jǫ(J,u)ω
i
ku. (3.21)
(2) For any non-zero v ∈ 〈ωǫ(ω,u)〉{u, Jǫ(J,u)u}, ǫ(ω, v) ≤ ǫ(ω, u).
Lemma 3.2. Let u ∈ M with ǫ(ω, u) = ǫI(ω, u) ≥ 1 and let a be one of
E,H0E, or H1E.
(1) For any i ≥ 0, j > ǫ(ω, u), and k ≥ 2,
ωjω
i
ǫ(ω,u)aǫ(a,u)u = 0,
ωikaǫ(a,u)u = aǫ(a,u)ω
i
ku. (3.22)
(2) For a non-zero v ∈ 〈ωǫ(ω,u)〉aǫ(a,u)u, ǫ(ω, v) ≤ ǫ(ω, u).
By using the commutation relation [Hi, Ej ] =
∑∞
k=0
( i
k
)
(HkE)i+j−k for
i, j ∈ Z, the following result follows from Lemma 2.2 and (3.13)–(3.15).
Lemma 3.3. Assume p 6= 1/2. Let u ∈ W with ǫ(ω, u) ≥ 1 and ǫ(H,u) ≤
2ǫ(ω, u) + 1. Then, ǫ(H0E, u) ≤ ǫ(E, u) + 2ǫ(ω, u) + 1.
If p = 1/2, then a direct computation shows that
0 = ω−1E − ω20E, (3.23)
H0E =
−2
3
ω−2E +
4
3
ω0(H1E), (3.24)
0 = 8ω−3E + 12H−1E + 3ω−1(H1E) + 4ω0ω−2E − 11ω20(H1E). (3.25)
Lemma 3.4. Let U be an A(M(1)+)-submodule of ΩM(1)+(W ), u ∈ U , and
t ∈ Z such that ǫ(E, v) ≤ t for all non-zero v ∈ U . Then ǫ(H0E, u) ≤ t+ 3
and ǫ(H1E, u) ≤ t+ 2.
Proof. For p 6= 1/2, the result follows from Lemma 3.3 and (3.14). Assume
p = 1/2. For i, j ∈ Z and r ∈ Z≥0, it follows from (3.13), (3.24), and Lemma
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2.2 that
[Hi, Ej ]u
= (H0E)i+ju+ i(H1E)i+j−1u+
(
i
2
)
(H2E)i+j−2u
=
−1
3
(i+ 4j)(H1E)i+j−1u−
(
i
2
)
i+ j − 2
3
Ei+j−3u
+
−2
3
(∑
k≤r
(−k − 1)ωkEi+j−2−k +
∑
k≥r+1
(−k − 1)Ei+j−2−kωk
+ (
(
r + 2
2
)
(−i− j + 2) +
(
r + 2
3
)
)Ei+j−3
)
u. (3.26)
Using (3.26) with i = 3 and r = 1, we have ǫ(H1E, u) ≤ t + 2. By (3.24),
ǫ(H0E, u) ≤ t+ 3.
A direct computations shows the following result.
Lemma 3.5. The following elements of V +L are zero:
P (8),H = −2376ω−2ω−2ω−11+ 3168ω−3ω−1ω−11− 6256ω−3ω−31− 11799ω−4ω−21
+ 30456ω−5ω−11+ 2310ω−71− 9504ω−1ω−1H−11− 6024ω−3H−11
− 13419ω−2H−21− 6516ω−1H−31+ 11868H−51+ 5040H2−11,
(3.27)
P (8),J = −29056ω4−11− 118960ω2−2ω−11+ 39040ω−3ω2−11− 39480ω2−31
− 32120ω−4ω−21+ 497760ω−5ω−11+ 230360ω−71
+ 5024ω2−1J−11− 8536ω−3J−11+ 8939ω−2J−21
− 2444ω−1J−31+ 1572J−5 + 560J2−11, (3.28)
P (9) = 30J−61− 30ω−1J−41+ 27ω−2J−31− 39ω−3J−21
+ 16ω2−1J−21+ 52ω−4J−11− 32ω−2ω−1J−11, (3.29)
vertex algebra associated to an even lattice 19
P (10),H = 919328ω−91− 545856ω−5ω−1ω−11
− 529536ω−4ω−41+ 545352ω−4ω−2ω−11
+ 520160ω−3ω−3ω−11− 524968ω−3ω−2ω−21
− 10240ω−3ω−1ω−1ω−11+ 7680ω−2ω−2ω−1ω−11
+ 1937712ω−5H−11− 845376ω−3ω−1H−11
− 381048ω−2ω−2H−11+ 30720ω−1ω−1ω−1H−11
− 720081ω−4H−21− 128280ω−2ω−1H−21
− 435576ω−3H−31+ 234528ω−1ω−1H−31
+ 345849ω−2H−41− 1211160ω−1H−51
+ 2360970H−71+ 70875H−2H−21
+ 734184ω−7ω−11+ 898766ω−6ω−21, (3.30)
P (10),J = 8192ω5−11− 2048ω3−1J−11
+ 758496ω−91− 1728ω−5ω−31
− 15232ω−5ω−1ω−11− 60848ω−4ω−41
− 134224ω−4ω−2ω−11− 6912ω−3ω−3ω−11
− 136872ω−3ω−2ω−21− 112640ω−3ω−1ω−1ω−11
− 69280ω−2ω−2ω−1ω−11− 6092ω−4J−21
+ 6272ω−3ω−1J−11+ 360ω−2ω−2J−11
+ 152ω−2ω−1J−21+ 1856ω−3J−31
+ 9408ω−1ω−1J−31+ 12656ω−2J−41
− 29968ω−1J−51+ 43320J−71
+ 525J−2J−21+ 1309248ω−7ω−11
+ 352992ω−6ω−21, (3.31)
Q(4) = 2(p − 2)(−27 + 54p − 44p2 + 40p3)ω−3E
− 12p(p − 2)(−3 + 4p)ω2−1E
− 6p(p − 2)(−9 + 2p)(−1 + 2p)H−1E
+ (−72p3 − 96p2 + 210p − 90)ω0ω−2E
+ (120p2 − 48p + 36)ω20ω−1E
+ (−48p − 9)ω40E, (3.32)
vertex algebra associated to an even lattice 20
Q(5,1) = 3(p − 2)(10p2 − 29p + 32)(10p2 − 4p+ 3)ω−4E
− 12p(3p − 4)(10p2 − 4p+ 3)ω−2ω−1E
− 3(p − 8)(p − 2)(2p − 1)(10p2 − 4p+ 3)H−2E
+ 8(2p − 7)(15p3 − 22p2 + 8p− 6)ω0ω−3E
+ 24p2(8p − 9)ω0ω−1ω−1E
− 12(p − 2)(2p − 1)(6p2 − 5p+ 6)ω0H−1E
− 6(2p3 − 32p2 + 29p + 12)ω0ω0ω−2E
− 6(8p − 9)ω0ω0ω0ω0ω0E, (3.33)
Q(5,2) = 3(p − 2)(10p2 − 29p + 32)(12p3 + 16p2 − 35p + 15)ω−4E
− 12p(3p − 4)(12p3 + 16p2 − 35p + 15)ω−2ω−1E
− 3(p − 8)(p − 2)(2p − 1)(12p3 + 16p2 − 35p + 15)H−2E
+ 2(136p5 − 316p4 − 1266p3 + 3409p2 − 2470p + 624)ω0ω−3E
+ 12p(20p3 − 3p2 − 44p + 24)ω0ω−1ω−1E
− 6(p − 2)(2p − 1)(14p3 + 21p2 − 74p + 60)ω0H−1E
− 12(2p3 − 32p2 + 29p + 12)ω0ω0ω0ω−1E
− 3(16p2 + 61p − 102)ω0ω0ω0ω0ω0E, (3.34)
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Q(6) = 2(3696p8 − 22564p7 + 66284p6 − 84937p5 + 56207p4
− 91528p3 + 11774p2 + 29190p − 13500)ω−5E
− 4p(352p6 + 2152p5 − 8282p4 + 7951p3 − 11696p2
+ 6304p − 1542)ω−3ω−1E
− 3p(1584p6 − 5572p5 + 6456p4 − 6877p3 + 5214p2
− 3040p + 642)ω−2ω−2E
+ 720p3(p− 2)(4p − 1)ω−1ω−1ω−1E
− 24p(p− 2)(2p − 1)(44p4 − 98p3 + 157p2 − 88p + 48)ω−1H−1E
− 3(p− 2)(2p − 25)(2p − 1)2(44p4 − 13p3 + 62p2 − 48p + 18)H−3E
+ 3(1760p7 − 9382p6 + 1391p5 + 28130p4 − 14380p3
+ 29762p2 − 25851p + 7650)ω0ω−4E
+ 12p(352p5 − 1459p4 + 2396p3 − 2894p2 + 1254p − 225)ω0ω−2ω−1E
− 3(p− 2)(2p − 1)(352p5 + 101p4 + 86p3 − 614p2 + 804p − 225)ω0H−2E
+ 12(88p6 + 1104p5 − 4136p4 + 3714p3 − 3944p2 + 2670p − 675)ω0ω0ω−3E
− 6(352p5 − 1099p4 + 686p3 − 689p2 + 804p − 225)ω0ω0ω0ω−2E
− 90(p − 2)(4p − 1)ω0ω0ω0ω0ω0ω0E. (3.35)
If p = 2, then we have the four following relations:
0 = 6ω−2E − 4ω0ω−1E + ω30E, (3.36)
0 = 180ω−3E − 48ω2−1E + 72H−1E − 63ω0(H0E)
+ 8ω20ω−1E + ω
4
0E, (3.37)
0 = 9450ω−4E − 900ω−1(H0E) + 6750H−2E − 768ω0ω2−1E
− 3168ω0H−1E + 297ω20(H0E) + 128ω30ω−1E + 16ω50E, (3.38)
0 = 584199000ω−6E − 117085500H−4E
+ 98941500ω−3(H0E)− 27594000ω2−1(H0E)
+ 34587000H−1(H0E)− 13132800ω0ω3−1E
− 60739200ω0ω−1H−1E + 277223400ω0H−3E
− 85188900ω0ω−2(H0E) + 206053320ω20ω−4E
− 8524040ω20ω−1(H0E)− 27546608ω30ω−3E
− 51990312ω30H−1E + 17161013ω40 (H0E)
− 820800ω50ω−1E + 410400ω70E. (3.39)
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Lemma 3.6. Let u be a non-zero element of a weak M(1)+-module (K,YK)
such that ǫ(ω, u) = ǫYK (ω, u) ≥ 2 and ǫ(ω, u) ≤ ǫ(ω, v) for all non-zero
v ∈ K. Then ǫ(J, u) = 2ǫ(ω, u) + 1,
J2ǫ(ω,u)+1u = 4ω
2
ǫ(ω,u)u, (3.40)
and
ǫ(H,u) ≤ 2ǫ(ω, u). (3.41)
Proof. We write
r = ǫ(ω, u) and s = ǫ(J, u) (3.42)
for simplicity. It follows from Lemma 3.1 (2) and the condition of u that for
any non-zero v ∈ 〈ωr〉{u, Jsu} and i ∈ Z≥0,
ωirv 6= 0. (3.43)
Since the same argument as in [37, (3.23)] shows that
0 =
1
16
P
(9)
s+2r+3u = (−s+ 2r + 1)Jsω2ru
= (−s+ 2r + 1)ω2rJsu (3.44)
by Lemma 3.1 (1), s = 2r + 1 by (3.43). Since
0 = P
(10),J
5r+4 u = (8192ω
5
−11− 2048ω3−1J−11)5r+4u
= 2048(4ω5r − J2r+1ω3r)u
= 2048ω3r (4ω
2
r − J2r+1)u (3.45)
by Lemma 3.1 (1), (3.40) holds by (3.43). It follows from (3.2) that Hiu = 0
for all i ≥ 2ǫ(ω, u) + 1 and hence ǫ(H,u) ≤ 2ǫ(ω, u).
Lemma 3.7. Let L be a non-degenerate even lattice of rank 1 and M a
non-zero weak V +L -module. Then, there exists a non-zero u ∈ ΩM(1)+(M)
that satisfies one of the following conditions:
(1) ǫ(ω, u) = ǫ(J, u) = ǫ(E, u) = −1. In this case V +L · u ∼= V +L .
(2) H3u = 0.
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(3) ω1u = u and H3u = u.
(4) ω1u = (1/16)u and H3u = (−1/128)u.
(5) ω1u = (9/16)u and H3u = (15/128)u.
Proof. We write L = Zα. Throughout the proof of this lemma, p = 〈α,α〉 ∈
2Z \ {0}. For u ∈ W with ǫ(ω, u) < 0, since ω0u = 0, it follows from [32,
Proposition 4.7.7] that V +L · u ∼= V +L and hence ǫ(ω, u) = ǫ(J, u) = ǫ(E, u) =
−1.
We assume ǫ(ω, v) ≥ 0 for all v ∈ M . We take a non-zero u ∈ M with
ǫ(ω, u) as small as possible, namely 0 ≤ ǫ(ω, u) ≤ ε(ω, v) for all v ∈M . We
write
r = ǫ(ω, u), s = ǫ(J, u), and t = ǫ(E, u) (3.46)
for simplicity. Suppose r ≥ 2. Then, Lemma 3.6 shows that s = 2r + 1
and Hiu = 0 for all i ≥ 2r + 1. By Lemma 3.2 (2), for any non-zero
v ∈ 〈ωr〉{u, Jsu,Etu, (H0E)ǫ(H0E,u)u} and i ∈ Z≥0,
ωirv 6= 0. (3.47)
Assume p 6= 2. By (3.19) and (3.20) with m = r,
0 = (ω−3E)t+2r+2u = (ω0ω−2E)t+2r+2u
= (ω20ω−1E)t+2r+2u = (ω
4
0E)t+2r+2u (3.48)
and
(ω2−1E)t+2r+2u = ω
2
rEtu. (3.49)
Using Lemma 2.2, (3.13), (3.14), and (3.15), we expand (H−1E)t+2r+2 so
that the resulting expression is a linear combination of elements of the form
a
(1)
i1
· · · a(l)il Emb
(1)
j1
· · · b(n)jn (3.50)
where l, n ∈ Z≥0, m ∈ Z, and
(a(1), i1), . . . , (a
(l), il) ∈ {(ω, k) | k ≤ r} ∪ {(H, k) | k ≤ 2r},
(b(1), j1), . . . , (b
(n), jn) ∈ {(ω, k) | k ≥ r + 1} ∪ {(H, k) | k ≥ 2r + 1},
(3.51)
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as was done in (3.19) and (3.20). Then, taking the action of the obtained
expansion of (H−1E)t+2r+2 on u and using (3.41) and (3.48), we have
(H−1E)t+2r+2u = EtH2r+1u = 0. (3.52)
By (3.32), (3.48), (3.49), and (3.52),
0 = Q
(4)
t+2r+2u = −12p(p − 2)(−3 + 4p)ω2rEtu, (3.53)
which contradicts (3.47).
Assume p = 2. By Lemma 3.3, ǫ(H0E, u) ≤ t+2r+1. By (3.37), Lemma
3.6 and the results in Section 8.3, the same argument as above shows
0 = (180ω−3E − 48ω2−1E + 72H−1E − 63ω0(H0E)
+ 8ω20ω−1E + ω
4
0E)t+2r+2u
= (−48ω2rEt + 72EtH2r+1 + 63(t+ 2r + 2)(H0E)t+2r+1)u
= (−48ω2rEt + 63(t+ 2r + 2)(H0E)t+2r+1)u (3.54)
and hence (H0E)t+2r+1u 6= 0 by (3.47). By (3.38) and results in Section 8.3,
0 = (9450ω−4E − 900ω−1(H0E) + 6750H−2E − 768ω0ω2−1E
− 3168ω0H−1E + 297ω20(H0E) + 128ω30ω−1E + 16ω50E)t+3r+2u
= −900ωr(H0E)t+2r+1u, (3.55)
which also contradicts (3.47). We conclude that r ≤ 1.
Suppose s ≥ 4. By using [37, (2.29)] and (3.6), the same argument as in
[37, Lemma 3.3] shows that ǫ(ω, Jsu) ≤ 1 and JjJsu = 0 for all j ≥ s + 1.
By the same argument as in [37, (3.25)],
(J−1J)2s+1u = J
2
s u (3.56)
and hence
0 = P
(8),J
2s+1u = J
2
s u = Js(Jsu), (3.57)
which means ǫ(J, Jsu) < s = ǫ(J, u). Replacing u by Jsu repeatedly, we get
a non-zero u ∈M such that r ≤ 1 and s ≤ 3. Thus, u ∈ ΩM(1)+(M) and in
particular, ǫ(H,u) ≤ 3. Deleting the terms including ωi1H23u (i = 0, 1, . . .)
from the following simultaneous equations
0 = P
(8),H
7 u = −72(132ω21 − 65ω1 + 3− 70H3)H3u and (3.58)
0 = P
(10),H
9 u
= 240H3(−207 + 4725H3 + 4472ω1 − 9118ω21 + 128ω31)u, (3.59)
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we have
0 = (ω1 − 1)(16ω1 − 1)(16ω1 − 9)H3u. (3.60)
By (3.58) and (3.60), the proof is complete.
Remark 3.8. If p > 0, then Lemma 3.7 also follows from [3, Theorem 7.7],
[25, Theorem 5.13], and [34, Theorem 2.7].
Remark 3.9. As we have seen in the proof of Lemma 3.7, starting from an
arbitrary non-zero element in M , we can get u in Lemma 3.7 inductively.
Lemma 3.10. Assume p 6= 2, 1/2. Let u be a non-zero element of ΩM(1)+(W ).
We write
t = ǫ(E, u) (3.61)
for simplicity. We set
v = (ω1 − (t+ 1)
2
2p
)u. (3.62)
We have
Etv = (ω1 − (t+ 1− p)
2
2p
)Etu. (3.63)
(1) Assume H3u = 0. If Etv 6= 0, then t = p− 2 and
ω1(Etv) = Etv. (3.64)
If u is an eigenvector of ω1 and v 6= 0, then t = p− 2 and
ω1u =
p
2
u. (3.65)
(2) If ω1u = u and H3u = u, then t = 0.
(3) Assume ω1u = (1/16)u and H3u = (−1/128)u. Then t = p/2 − 1 or
(p− 1)/2. In particular if p is an even integer, then t = p/2− 1.
(4) Assume ω1u = (9/16)u and H3u = (15/128)u. Then t = p/2 − 1 or
(p− 3)/2. In particular if p is an even integer, then t = p/2− 1.
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Proof. We first expand each of Q
(4)
t+4, Q
(5,1)
t+5 , Q
(5,2)
t+5 , and Q
(6)
t+6 so that the
resulting expression is a linear combination of elements of the form
a
(1)
i1
· · · a(l)il Emb
(1)
j1
· · · b(n)jn (3.66)
where l, n ∈ Z≥0, m ∈ Z, and
(a(1), i1), . . . , (a
(l), il) ∈ {(ω, k) | k ≤ 1} ∪ {(H, k) | k ≤ 2},
(b(1), j1), . . . , (b
(n), jn) ∈ {(ω, k) | k ≥ 2} ∪ {(H, k) | k ≥ 3}, (3.67)
as was done in the proof of (3.48)–(3.52) in Lemma 3.7. Then, taking the
action of each expansion on u, we have
0 = ((t+ 1− p)2 − 2pω1)
× ((16p + 3)t2 + (−24p2 + 58p)t
+ 8p3 + (−8ω1 − 37)p2 + (22ω1 + 42)p − 12ω1)Etu
+ 2p(p − 2)(2p − 9)(2p − 1)EtH3u, (3.68)
0 = (((t + 1− p)2 − 2pω1))
× ((8p − 9)t3 + (88p2 + 26p − 45)t2
+ (−146p3 + (16ω1 + 375)p2 + (−18ω1 − 43)p − 54)t
+ 50p4 + (−60ω1 − 240)p3 + (184ω1 + 306)p2
+ (−140ω1 − 40)p + 24ω1 − 24
)
Etu
+ 2(p − 2)(2p − 1)((6p2 − 5p+ 6)t+ 10p3 − 54p2 + 10p + 6)EtH3u,
(3.69)
0 = (((t + 1− p)2 − 2pω1))
× ((16p2 + 61p − 102)t3 + (216p3 + 326p2 − 67p − 510)t2
+ (−352p4 + (40ω1 + 349)p3 + (−6ω1 + 1772)p2
+ (−88ω1 − 1218)p + 48ω1 − 540)t + 120p5
+ (−144ω1 − 376)p4 + (200ω1 − 405)p3
+ (646ω1 + 1914)p
2 + (−1180ω1 − 1000)p + 480ω1 − 240
)
Etu
+ 2(p − 2)(2p − 1)((14p3 + 21p2 − 74p+ 60)t + 24p4
− 90p3 − 221p2 + 220p + 60)EtH3u, (3.70)
vertex algebra associated to an even lattice 27
0 = 5((t+ 1− p)2 − 2pω1)
× ((12p2 − 27p + 6)t4
+ (24p3 + 174p2 − 501p + 114)t3
+ (1056p5 − 1443p4 + (24ω1 + 2373)p3 + (−54ω1 − 1317)p2
+ (12ω1 − 1548)p + 411)t2
+ (−1584p6 + (352ω1 + 5873)p5 + (−814ω1 − 8768)p4
+ (1220ω1 + 12088)p
3 + (−1568ω1 − 7732)p2
+ (756ω1 − 561)p − 90ω1 + 414)t
+ 528p7 + (−704ω1 − 3058)p6 + (2820ω1 + 6912)p5
+ (48ω21 − 5042ω1 − 10000)p4 + (−108ω21 + 7242ω1 + 11310)p3
+ (24ω21 − 7052ω1 − 5950)p2 + (3060ω1 + 42)p − 360ω1 + 180
)
Etu
+ (p− 2)(2p − 1)((1056p5 − 582p4 + 1428p3 − 1932p2 + 1992p − 450)t
+ 792p6 + (176ω1 − 6224)p5 + (−392ω1 + 8666)p4
+ (628ω1 − 13729)p3 + (−352ω1 + 11014)p2 + (192ω1 + 120)p − 450
)
EtH3u.
(3.71)
We also expand each of Q
(4)
t+4, Q
(5,1)
t+5 , Q
(5,2)
t+5 and Q
(6)
t+6 so that the resulting
expression is a linear combination of elements of the form
a
(1)
i1
· · · a(l)il Emb
(1)
j1
· · · b(n)jn (3.72)
where l, n ∈ Z≥0, m ∈ Z, and
(a(1), i1), . . . , (a
(l), il) ∈ {(ω, k) | k ≤ 0} ∪ {(H, k) | k ≤ 2},
(b(1), j1), . . . , (b
(n), jn) ∈ {(ω, k) | k ≥ 1} ∪ {(H, k) | k ≥ 3}. (3.73)
Then, taking the action of each expansion on u, we have
0 = Et((1 + t)
2 − 2pω1)
× ((16p + 3)t2 + (−16p2 + 36p + 12)t
+ 4p3 + (−8ω1 − 18)p2 + (22ω1 + 14)p − 12ω1 + 12
)
u
+EtH3
(
8p4 − 56p3 + 98p2 − 36p)u, (3.74)
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0 = Et((1 + t)
2 − 2pω1)
× ((8p − 9)t3
+ (72p2 + 44p − 45)t2
+ (−78p3 + (16ω1 + 166)p2 + (−18ω1 + 115)p − 78)t
+ 20p4 + (−60ω1 − 88)p3 + (184ω1 + 52)p2 + (−140ω1 + 112)p + 24ω1 − 48
)
u
+ EtH3
(
(24p4 − 80p3 + 98p2 − 80p + 24)t
+ 40p5 − 316p4 + 620p3 − 292p2 − 20p + 24)u, (3.75)
0 = Et((1 + t)
2 − 2pω1)
× ((16p2 + 61p − 102)t3
+ (176p3 + 332p2 + 21p − 558)t2
+ (−188p4 + (40ω1 + 106)p3 + (−6ω1 + 1088)p2
+ (−88ω1 + 74)p + 48ω1 − 1068)t
+ 48p5 + (−144ω1 − 132)p4 + (200ω1 − 282)p3
+ (646ω1 + 678)p
2 + (−1180ω1 + 420)p + 480ω1 − 720
)
u
+ EtH3
(
(56p5 − 56p4 − 450p3 + 1064p2 − 896p + 240)t
+ 96p6 − 600p5 + 112p4 + 2730p3 − 2844p2 + 280p + 240)u,
(3.76)
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0 = Et((1 + t)
2 − 2pω1)
× ((60p2 − 135p + 30)t4
+ (1140p2 − 2565p + 570)t3
+ (3520p5 − 2845p4 + (120ω1 + 4970)p3 + (−270ω1 + 1675)p2
+ (60ω1 − 11580)p + 2505)t2
+ (−3520p6 + (1760ω1 + 11230)p5 + (−4550ω1 − 10490)p4
+ (7180ω1 + 13010)p
3 + (−8080ω1 + 6570)p2
+ (3780ω1 − 22110)p − 450ω1 + 4320)t
+ (880p7 + (−3520ω1 − 4660)p6 + (14340ω1 + 7480)p5
+ (240ω21 − 26230ω1 − 5875)p4 + (−540ω21 + 37410ω1 + 2050)p3
+ (120ω21 − 35500ω1 + 13280)p2 + (15300ω1 − 15990)p − 1800ω1 + 2700)
)
u
+ EtH3
(
(1760p7 − 4780p6 + 4310p5 − 7540p4 + 13100p3 − 13060p2 + 5850p − 900)t
+ (1760p8 + (352ω1 − 17592)p7 + (−1664ω1 + 53484)p6
+ (3568ω1 − 89118)p5 + (−4628ω1 + 114333)p4 + (3400ω1 − 86520)p3
+ (−1664ω1 + 22384)p2 + (384ω1 + 2106)p − 900)
)
u. (3.77)
Note that ω1’s are on the left side of Et in (3.68)–(3.71) but are on the right
side of Et in (3.74)–(3.77).
(1) AssumeH3u = 0 , Etv = (ω1−(t+1−p)2/(2p))Etu 6= 0, and t 6= p−2.
By (3.68),
0 = (2(p − 2)(4p − 3)ω1
− (3t2 + 42p + 58tp + 16t2p− 37p2 − 24tp2 + 8p3))Etv. (3.78)
Then, by (3.69) and (3.70),
0 = (10p2 − 4p + 3)(2t− p+ 2)((8p − 9)t− 4p2 + 16p − 12),
0 = (12p3 + 16p2 − 35p+ 15)(2t − p+ 2)((8p − 9)t− 4p2 + 16p− 12)
(3.79)
and hence
0 = (2t− p+ 2)((8p − 9)t− 4p2 + 16p − 12). (3.80)
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By (3.70) and (3.78),
0 = (4032p5 − 2880p4 + 3360p3 − 2091p2 + 774p − 108)t3
+ (11264p7 − 38336p6 + 71692p5 − 87577p4
+ 82959p3 − 43593p2 + 12078p − 1431)t2
+ (−11264p8 + 62768p7 − 146980p6 + 228928p5
− 266274p4 + 218205p3 − 103356p2 + 26244p − 2916)t
+ 2816p9 − 22304p8 + 72152p7 − 138308p6
+ 193478p5 − 203897p4 + 147876p3 − 64152p2 + 15282p − 1620.
(3.81)
If 2t− p+ 2 = 0, then t 6= 0 and by (3.81)
0 = t2(4t+ 3)(352t4 + 1356t3 + 2080t2 + 1452t + 385), (3.82)
a contradiction. If (8p− 9)t− 4p2+16p− 12 = 0, then as polynomials
in p, the right-hand side of (3.81) divided by (8p−9)t−4p2+16p−12
leaves a remainder of
0 = (10560p − 11880)t6 + (76320p − 169245/2)t5
+ (471705/2p − 2059785/8)t4 + (3187935/8p − 6397605/16)t3
+ (3012585/8p − 5600025/16)t2 + (202005p − 356265/2)t
+ 45900p − 39285. (3.83)
Moreover, (8p− 9)t− 4p2+16p− 12 divided by the right-hand side of
(3.83) leaves a remainder of
0 =
−9(t+ 1)(4t + 3)2(7t+ 4)(7t2 + 10t+ 7)
(5632t6 + 40704t5 + 125788t4 + 212529t3 + 200839t2 + 107736t + 24480)2
× (94556t4 + 495381t3 + 1010052t2 + 931824t + 326592) (3.84)
and hence t = −1, which implies p = 1/2 by (3.83), a contradiction.
Thus, t = p− 2 by (3.80) and (3.64) holds by (3.78).
(2) Assume ω1u = u andH3u = u. By (3.74) and (3.75), tg1(p) = tg2(p) =
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0 where
g1(p) = 3(t+ 1)
2(t+ 4) + 2(4t+ 7)(2t2 + 5t+ 6)p
− 2(8t2 + 45t+ 70)p2 + 4(t+ 10)p3,
g2(p) = −3(t+ 1)(t + 2)(3t2 + 12t+ 17)
+ (8t4 + 60t3 + 211t2 + 300t+ 117)p
+ 2(36t3 + 155t2 + 292t+ 279)p2
− 2(39t2 + 224t+ 409)p3
+ 20(t+ 11)p4. (3.85)
We note that the degrees of g1(p) and g2(p) in p are at most 3 and 4
respectively. Assume t 6= 0. By (3.85),
0 = 2(10 + t)2g1(p)− (−240 + 176t+ 51t2 + t3 + 10(11 + t)(10 + t)p)g2(p)
= −3(t+ 1)(7t5 + 212t4 + 1837t3 + 6152t2 + 9064t + 5840)
− 6(79t5 + 465t4 + 90t3 − 3352t2 − 7666t − 5060)p
+ 6(61t4 + 409t3 + 866t2 − 880t− 2400)p2, (3.86)
which is a polynomial of degree at most 2 in p. Repeating this proce-
dure to decrease the degrees of polynomials in p, we finally obtain
0 = (−1 + t)(1 + t)(2 + t)2(3 + t)(−20 + t+ 33t2)
× (433 + 235t+ 67t2 + 33t3)
× (−2400 − 880t+ 866t2 + 409t3 + 61t4)2
× (5020 + 14072t + 18476t2 + 13940t3 + 6272t4 + 1580t5 + 175t6).
(3.87)
Since t is an integer, it follows from (3.74), (3.75), and (3.87) that
(t, p) = (−1, 0), (1, 2), (−3, 2), or (−2, 1/2), a contradiction. Thus,
t = 0. If ω1u = (1/16)u (resp. (9/16)u) and H3u = (−1/128)u (resp.
(15/128)u), then the same argument as above shows the results.
Lemma 3.11. Assume p = 2. Let u be a non-zero element of ΩM(1)+(W ).
We write
t = ǫ(E, u) (3.88)
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for simplicity. Then,
(H0E)t+3u =
−1
9(4 + 7t)
Et(36 + 72H3 + 142t+ 123t
2 + 18t3
+ t4 + 156ω1 − 40tω1 + 8t2ω1 − 48ω21)u. (3.89)
We set
v = (ω1 − (t+ 1)
2
4
)u. (3.90)
We have
Etv = (ω1 − (t− 1)
2
4
)Etu. (3.91)
(1) Assume H3u = 0. If Etv 6= 0, then t = 0 and
ω1E0v = E0v. (3.92)
If u is an eigenvector of ω1 and v 6= 0, then
ω1u = u. (3.93)
(2) Let (ζ, ξ) ∈ {(1, 1), (1/16,−1/128), (9/16, 15/128)}. If ω1u = ζu and
H3u = ξu, then t = 0.
Proof. Taking the (t+3)-th action of (3.36), the (t+4)-th action of (3.37),
the (t+ 5)-th action of (3.38), and the (t+ 7)-th action of (3.39) on u, we
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have
0 = t((1− t)2 − 4ω1)Etu (3.94)
= Ett((1 + t)
2 − 4ω1)u, (3.95)
0 = 9(4 + 7t)(H0E)t+3u+ 72EtH3u
+ (36 + 298t + 35t2 + 26t3 + t4
+ 156ω1 − 136tω1 + 8t2ω1 − 48ω21)Etu (3.96)
= Et
(
(t+ 1)(t3 + 17t2 + 106t + 36) + 4(2t2 − 10t+ 39)ω1 − 48ω21
)
u
+ 9(7t+ 4)(H0E)t+3u+ 72EtH3u, (3.97)
0 = 9(−520 − 959t + 33t2 − 100ω1)(H0E)t+3u+ 72(−155 + 44t)EtH3u
− 8(585 + 4492t + 1576t2 − 210t3 + 62t4
+ 2t5 + 2685ω1 + 32tω1 − 192t2ω1 + 16t3ω1
− 480ω21 − 96tω21)Etu, (3.98)
= Et
(
− 8(t+ 1)(2t4 + 44t3 − 158t2 + 1222t + 585)
− 8(16t3 + 992t+ 2685)ω1 + 768(t+ 5)ω21
)
u
+ 72(44t − 155)EtH3u
+ (H0E)t+3
(
9(33t2 − 859t− 520) − 900ω1
)
u, (3.99)
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0 = −8(52787700t7 + 1097587588t6 + 5494080415t5 − 89625113568t4 + 68909700044t3
+ 2468574039524t2 + 3786872840265t + 493804109430)Etu
+ 16(52787700t5 + 336785348t4 + 16075086171t3 − 110729180408t2
− 710794593411t − 1166720253525)ω1Etu
+ 3(5886227459t4 + 64230119866t3 − 465363710675t2 − 2778231175402t
− 1316641482180)(H0E)t+3u
+ 72(743028209t3 + 17731219498t2 + 23020475889t − 140972980110)EtH3u
− 60(146187286t2 + 9549468148t + 19688188167)ω1(H0E)t+3u
− 28394226000ω1ω1(H0E)t+3u
+ 1536(93467197t2 + 449390927t + 1282501650)ω1ω1Etu
+ 14515200(931t + 661)ω1ω1ω1Etu
+ 67132800(931t + 661)ω1EtH3u
+ 35590023000(H0E)t+3H3u (3.100)
= −8(t+ 1)(52787700t6 + 1150375288t5 + 5017275823t4 − 78748712473t3
− 158883687883t2 + 959628223785t + 493804109430)Etu
+ 16(52787700t5 + 336785348t4 + 663193947t3 − 195213260792t2
− 957034910211t − 1166720253525)Etω1u
+ 3(5886227459t4 + 67153865586t3 − 283839089715t2 − 2384467412062t
− 1316641482180)(H0E)t+3u
+ 72(743028209t3 + 16863155098t2 + 22404159489t − 140972980110)EtH3u
− 60(146187286t2 + 8602993948t + 19688188167)(H0E)t+3ω1u
− 28394226000(H0E)t+3ω21u
+ 1536(67073347t2 + 430651577t + 1282501650)Etω
2
1u
+ 14515200(931t + 661)Etω
3
1u
+ 67132800(931t + 661)EtH3ω1u
+ 35590023000(H0E)t+3H3u. (3.101)
Note that ω1’s are on the left side of Et in (3.94), (3.96), (3.98), and
(3.100) but are on the right side of Et in (3.95), (3.97), (3.99), and (3.101).
By Lemma 3.3 and (3.96), we have (3.89). Deleting the terms including
(H0E)t+3u from the simultaneous equations (3.96), (3.98), and (3.100), we
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have
0 = 360(−4 + 2t+ 11t2 + 4ω1)EtH3u
+ ((1− t)2 − 4ω1)
(− t(−2596 − 5354t + 745t2 + 29t3)
− 4(60 − 341t + 82t2)ω1 − 240ω21
)
Etu,
0 = −360(−4 + 2t+ 11t2 + 4ω1)EtH3u
+ ((1− t)2 − 4ω1)
(
29t4 + 745t3 + (328ω1 − 5354)t2
+ (−1364ω1 − 2596)t − 240ω21 + 240ω1
)
Etu. (3.102)
By (3.94), t = 0 or ((1 − t)2 − 4ω1)Etu = 0. If t = 0 and H3u = 0, then by
(3.102),
0 = (ω1 − 1)(ω1 − 1
4
)Etu, (3.103)
which finishes (1).
By using (3.95), (3.97), (3.99), and (3.101), the same argument as above
shows (2).
Lemma 3.12. Assume p = 1/2. Let U be an A(M(1)+)-submodule of
ΩM(1)+(W ), u a simultaneous eigenvector of {ω1,H3} in U . We write
t = ǫ(E, u) (3.104)
for simplicity. Then,
ω1u = (1 + t)
2u. (3.105)
If t 6= −1, then
(H1E)t+2u = Et
( 3
(1 + t)(3 + 2t)
H3 + (1 + t)
)
u, (3.106)
and if t = −1, then
H3u = 0. (3.107)
Proof. Taking the (t+ 2)-th action of (3.23) on u, we have
ω1Etu = (t+
1
2
)2Etu (3.108)
and hence (3.105) holds. Taking the (t + 3)-th action of (3.24) and the
(t+ 4)-the action of (3.25) on u, we have
0 = 8(t+ 1)Etω1u− (t+ 1)(11t + 15)(H1E)t+2u
+ 4(t+ 1)2Etu+ 12EtH3u+ 3(H1E)t+2ω1u, (3.109)
and hence (3.106) and (3.107) by (3.105).
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4 Modules for the Zhu algebra of M(1)+ in a weak
V +L -module: the general case
Let L be a non-degenerate even lattice. In this section, we shall show that
there exists an irreducible A(M(1)+)-module in an arbitrary non-zero weak
V +L -module.
Throughout this section M is a weak V +L -module. Let h
[1], . . . , h[d] be
an orthonormal basis of h. For i = 1, . . . , d, we define
ω[i] =
1
2
h[i](−1)2,
ω = ω[1] + · · ·+ ω[d],
J [i] = h[i](−1)41− 2h[i](−3)h[i](−1)1+ 3
2
h[i](−2)21,
H [i] =
1
3
h[i](−3)h[i](−1)1− 1
3
h[i](−2)21. (4.1)
We recall the following notation and some results from [26, Sections 4 and
5]: for any pair of distinct elements i, j ∈ {1, . . . , d} and l,m ∈ Z>0,
Sij(l,m) = h
[i](−l)h[j](−m),
Euij = 5Sij(1, 2) + 25Sij(1, 3) + 36Sij(1, 4) + 16Sij(1, 5),
Etij = −16Sij(1, 2) + 145Sij(1, 3) + 19Sij(1, 4) + 8Sij(1, 5),
Λij = 45Sij(1, 2) + 190Sij(1, 3) + 240Sij(1, 4) + 96Sij(1, 5). (4.2)
It follows from [26, Proposition 5.3.14] that in A(M(1)+), Au = ⊕i,jCEuij
and At = ⊕i,jCEtij are two-sided ideals, each of which is isomorphic to the
d × d matrix algebra and AuAt = AtAu = 0. By [26, Proposition 5.3.15],
A(M(1)+)/(Au + At) is a commutative algebra generated by the images of
ω[i],H [i] and Λjk where i = 1, . . . , d and j, k ∈ {1, . . . , d} with j 6= k.
For λ ∈ h, i, j ∈ {1, . . . , d} with i 6= j,
ω
[i]
1 e
λ =
〈λ, h[i]〉2
2
eλ,
H
[i]
3 e
λ = 0,
Sij(1, 1)1e
λ = −Sij(1, 2)2eλ = Sij(1, 3)3 = 〈λ, h[i]〉〈λ, h[j]〉eλ (4.3)
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ω
[i]
1 h
[j](−1)1 = δijh[j](−1)1,
H
[i]
3 h
[j](−1)1 = δijh[j](−1)1,
Sij(1, 1)1h
[j](−1)1 = h[i](−1)1,
Sij(1, 2)2h
[j](−1)1 = −2h[i](−1)1,
Sij(1, 3)3h
[j](−1)1 = 3h[i](−1)1, (4.4)
and
ω
[i]
1 1tw = δij
1
16
1tw,
H
[i]
3 1tw = δij
−1
128
1tw,
Sij(1, 1)11tw = Sij(1, 2)21tw = Sij(1, 3)31tw = 0, (4.5)
ω
[i]
1 h
[j](−1
2
)1tw = δij
9
16
h[j](−1
2
)1tw,
H
[i]
3 h
[j](−1
2
)1tw = δij
15
128
h[j](−1
2
)1tw,
Sij(1, 1)1h
[j](−1
2
)1tw =
1
2
h[i](−1
2
)1tw,
Sij(1, 2)2h
[j](−1
2
)1tw =
−3
4
h[i](−1
2
)1tw,
Sij(1, 3)3h
[j](−1
2
)1tw =
15
16
h[i](−1
2
)1tw. (4.6)
A direct computation shows that
Sij(1, 4) =
−1
3
ω
[j]
−2Sij(1, 1) +
2
3
ω
[j]
−1Sij(1, 2),
Sij(1, 5) =
4
93
(ω
[j]
−1)
2Sij(1, 1) +
−1
93
J
[j]
−1Sij(1, 1)
+
9
62
ω
[j]
−2Sij(1, 2) +
4
93
ω
[j]
−1Sij(1, 3)
=
1
7
H
[j]
−1Sij(1, 1) +
1
21
ω
[j]
−2Sij(2, 1) +
−2
21
ω
[j]
−1Sij(3, 1), (4.7)
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[h[j](l), Sij(1, 1)m] = h
[i](l +m− 1),
[h[j](l), Sij(1, 2)m] = 2h
[i](l +m− 2),
[h[j](l), Sij(1, 3)m] = 3h
[i](l +m− 3),
[h[i](l), Sij(1, 2)m] = (−l −m+ 1)h[j](l +m− 2),
[h[i](l), Sij(1, 3)m] =
(−l −m+ 1
2
)
h[j](l +m− 3), (4.8)
Sij(2, 1) = ω0Sij(1, 1) − Sij(1, 2),
Sij(3, 1) =
1
2
ω20Sij(1, 1) − ω0Sij(1, 2) + Sij(1, 3),
Sij(2, 2) = ω0Sij(1, 2) − 2Sij(1, 3),
Sij(3, 2) = −ω[j]−2Sij(1, 1) + 2ω[j]−1Sij(1, 2)
+
1
2
ω20Sij(1, 2) − 2ω0Sij(1, 3),
Sij(3, 3) =
−1
2
ω0ω
[j]
−2Sij(1, 1) +
3
2
ω
[i]
−2Sij(1, 2)
− ω0ω[i]−1Sij(1, 2) + ω0ω[j]−1Sij(1, 2)
+
1
4
ω30Sij(1, 2) + 2ω
[i]
−1Sij(1, 3)
− ω20Sij(1, 3). (4.9)
For distinct i, j, k ∈ {1, . . . , d} and l,m ∈ Z, a direct computation shows
that
[ω
[j]
l , Sij(1, 1)m] = Sij(1, 2)l+m + lSij(1, 1)l+m−1,
[Sij(1, 1)l, Sij(1, 1)m] = (l −m)(ω[i] + ω[j])l+m−1 +
(
l
3
)
δl+m−3,−1,
[Skj(1, 1)l, Sij(1, 1)m] = Sik(1, 2)l+m + lSik(1, 1)l+m−1. (4.10)
Let u be a non-zero element of M such that ǫ(ω[i], u) ≤ 1 and ǫ(H [i], u) ≤ 3
for all i = 1, . . . , d. Let i, j be a pair of distinct elements of {1, . . . , d}. We
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write ǫS = ǫ(Sij(1, 1), u) for simplicity. A direct computation shows that
[H
[j]
3 , Sij(1, 1)ǫS ]u
=
(
Sij(1, 1)ǫS (1 + 4ω
[j]
1 ) + Sij(1, 2)ǫS+1(5 + 4ω
[j]
1 ) + 4Sij(1, 3)ǫS+2
)
u,
[H
[j]
3 , Sij(1, 2)ǫS+1]u
=
(
Sij(1, 1)ǫS (
−4
7
ω
[j]
1 +
24
7
H
[j]
3 ) + Sij(1, 2)ǫS+1(
2
7
+
−20
7
ω
[j]
1 )
+ Sij(1, 3)ǫS+2(
2
7
+
−16
7
ω
[j]
1 )
)
u,
[H
[j]
3 , Sij(1, 3)ǫS+2]u
=
(
Sij(1, 1)ǫS (
−598
203
ω
[j]
1 +
144
203
H
[j]
3 )
+ Sij(1, 2)ǫS+1(
37
203
+
1534
203
ω
[j]
1 +
60
29
H
[j]
3 )
+ Sij(1, 3)ǫS+2(
37
203
+
936
203
ω
[j]
1 )
)
u. (4.11)
Lemma 4.1. For a non-degenerate even lattice L of rank d, there exists a
sequence of elements β1, . . . , βd ∈ L such that 〈βi, βi〉 6= 0 and 〈βj , βk〉 = 0
for all i ∈ {1, . . . , d} and j, k ∈ {1, . . . , d} with j 6= k.
Proof. Let γ1, . . . , γd be a basis of Q⊗ZL such that 〈γi, γi〉 6= 0 and 〈γj , γk〉 =
0 for all i ∈ {1, . . . , d} and j, k ∈ {1, . . . , d} with j 6= k. . Since γ1, . . . , γd ∈
Q ⊗Z L, there exists a non-zero integer mi such that mγi ∈ L for all i =
1, . . . , d. Then, the elements βi = mγi (i = 1, . . . , d) satisfy the condition.
Let Λ = ⊕di=1Zβi be a sublattice of a non-degenerate even lattice L of
rank d such that 〈βi, βi〉 6= 0 and 〈βi, βj〉 = 0 for any distinct pair of elements
i, j ∈ {1, . . . , d}. We have
V +
Zβ1
⊗ · · · ⊗ V +
Zβd
⊂ V +L (4.12)
and take an orthonormal basis h[1], . . . , h[d] of h defined by
h[i] =
1√
〈β[i], β[i]〉
β[i] (i = 1, . . . , d). (4.13)
Since [h
[i]
l , h
[j]
m ] = 0 for any distinct pair of elements i, j ∈ {1, . . . , d} and
l,m ∈ Z, it follows Lemma 3.7 that there exists a simultaneous eigenvector
u of {ω[i]1 ,H [i]3 }di=1 in a weak V +L -module M such that ǫ(ω[i], u) ≤ 1 and
ǫ(H [i], u) ≤ 3 for all i = 1, . . . , d.
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Lemma 4.2. Let U be a subspace of a weak M(1)+-module.
(1) Let i, j ∈ {1, . . . , d} with i 6= j and k ∈ Z such that k ≥ ǫ(Sij(1, 1), u)
for all non-zero u ∈ U . If U is stable under the action of ω[j]1 , then
ǫ(Sij(1,m+ 1), u) ≤ k +m (4.14)
for all m ∈ Z≥0.
(2) Assume α ∈ Ch[1]. Let i ∈ {2, . . . , d} and t ∈ Z such that t ≥
ǫ(E(α), u) for all non-zero u ∈ U . If U is stable under the action
of Si1(1, 1)1, then
ǫ(Si1(1, 1)0E(α), u) ≤ t+ 1. (4.15)
Proof. (1) For n ∈ Z and m ∈ Z>0, since
[ω
[j]
1 , Sij(1,m)n] = (ω
[j]
0 Sij(1,m))n+1 + (ω
[j]
1 Sij(1,m))n and
ω
[j]
1 Sij(1,m) = mSij(1,m), (4.16)
we have
Sij(1,m+ 1)n+1 =
1
m
(ω
[j]
0 Sij(1,m))n+1
=
1
m
[ω
[j]
1 , Sij(1,m)n]− Sij(1,m)n, (4.17)
which implies (4.14).
(2) Since Si1(1, 1)mE(α) = 0 for all m ∈ Z>0, the same argument as above
shows the result.
Lemma 4.3. There exists an irreducible A(M(1)+)-submodule of ΩM(1)+(M).
Proof. Let h[1], . . . , h[d] be the orthonormal basis of h defined by (4.13). We
can take a simultaneous eigenvector u of {ω[i]1 ,H [i]3 }di=1 such that ǫ(ω[i], u) ≤
1 and ǫ(H [i], u) ≤ 3 for all i = 1, . . . , d. We take a pair of distinct i, j
so that ǫ(Sij(1, 1), u) ≥ ǫ(Slm(1, 1), u) for any pair of distinct elements
l,m ∈ {1, . . . , d}. We may assume (i, j) = (2, 1). We consider a non-zero
subspace W =
∑3
m=1 CS21(1,m)ǫS+m−1u of M . By Lemma 4.2, (4.10) and
computations in Section 8.1.2, for all non-zero w ∈W , i = 1, . . . , d, we have
ǫ(ω[i], w) ≤ 1 and ǫ(H [i], w) ≤ 3. Since u is a simultaneous eigenvector of
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{ω[i]1 ,H [i]3 }di=1, it follows from (4.10), (4.11), and computations in Section
8.1.2 that W is invariant under the actions of {ω[i]1 ,H [i]3 }di=1.
A direct computation shows that
S21(1, 1)−1S21(1, 1) =
2
3
ω
[1]
−31+
2
3
ω
[2]
−31+H
[1] +H [2] + 4ω
[1]
−1ω
[2], (4.18)
S21(1, 1)−1S21(1, 2) = 2ω
[2]
−1ω
[1]
−21+ ω0H
[2]
−11+
−1
2
ω0H
[1]
−11
+
1
6
ω30ω
[2]
−11+
1
12
ω30ω
[1]
−11, (4.19)
S21(1, 1)−1S21(1, 3) =
2
5
ω
[2]
−1H
[2]
−11+
1
6
ω
[2]
−2ω
[2]
−21+
4
3
ω
[2]
−1ω
[1]
−31
+
1
3
ω
[1]
−2ω
[1]
−21+ 2ω
[2]
−1H
[1]
−11+
4
5
ω
[1]
−1H
[1]
−11
+
7
20
ω20H
[2]
−11+
−1
30
ω20ω
[2]
−1ω
[2]
−11+
−1
15
ω20ω
[1]
−1ω
[1]
−11
+
−3
10
ω20H
[1]
−11+
19
360
ω40ω
[2]
−11+
1
45
ω40ω
[1]
−11 (4.20)
We write ǫS = ǫ(S21(1, 1), u) for simplicity and suppose ǫS ≥ 1. By (2.8)
with m = ǫS − 1 and (8.17), for n ∈ Z we have
(S21(1, 1)−1S21(1, 1))nu
= S21(1, 1)n−ǫS−1S21(1, 1)ǫSu+ ǫS(n− ǫS)(ω[1] + ω[2])n−2u
−
(
ǫS
4
)
δn−4,−1u. (4.21)
For n ∈ Z, since(2
3
ω
[1]
−31+
2
3
ω
[2]
−31+H
[1] +H [2] + 4ω
[1]
−1ω
[2]
)
n
u
=
2
3
(
n
2
)
(ω[1] + ω[2])n−2u+ (H
[1] +H [2])nu
+ 4
∑
ǫS≤i
ω
[1]
n−1−iω
[2]
i u+ 4
∑
i<ǫS
ω
[2]
i ω
[1]
n−1−iu (4.22)
and (4.18), we have
S21(1, 1)n−ǫS−1S21(1, 1)ǫSu
= (
2
3
(
n
2
)
− ǫS(n− ǫS))(ω[1] + ω[2])n−2u+ (H [1] +H [2])nu
+ 4
∑
ǫS≤i
ω
[1]
n−1−iω
[2]
i u+ 4
∑
i<ǫS
ω
[2]
i ω
[1]
n−1−iu+
(
ǫS
4
)
δn−4,−1u. (4.23)
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Assume ǫS ≥ 2. It follows from (4.23) that S21(1, 1)iS21(1, 1)ǫSu = 0 for
i ≥ ǫS . By using (4.19), (4.20), (8.18), and (8.19), the same argument as
above shows that
S21(1, 1)iS21(1, 2)ǫS+1u = S21(1, 1)iS21(1, 3)ǫS+2u = 0 (4.24)
for i ≥ ǫS . Thus we can take a simultaneous eigenvector v of {ω[i]1 ,H [i]3 }di=1 in
W such that ǫ(S21(1, 1), v) < ǫ(S21(1, 1), u). By (4.10) we have ǫ(Sjk(1, 1), v) ≤
ǫ(Sjk(1, 1), u) for any pair of distinct elements j, k ∈ {1, . . . , d} with j >
k and (j, k) 6= (2, 1). It follows from Lemma 4.2 that ǫ(Sij(1,m), v) ≤
ǫ(Sij(1, 1), v) +m − 1 for m ∈ Z>0 and any pair of distinct element i, j ∈
{1, . . . , d}. Replacing u by this v repeatedly, we get a non-zero element
u ∈ ΩM(1)+(M). It follows from Lemma 4.2, (4.10), (4.23), and computa-
tions in Section 8.1.2 that Sij(1,m)mu ∈ ΩM(1)+(M) for any pair of distinct
elements i, j ∈ {1, . . . , d} and m = 1, 2, 3.
If Auu 6= 0 (resp. Atu 6= 0), then it follows from [26, Section 6.2]
that Auu ∼= M(1)−(0) (resp. Atu ∼= M(θ)−(0)) as A(M(1)+)-modules.
Suppose (Au + At)u = 0. Then, since u is a simultaneous eigenvector of
{ω[i]1 ,H [i]3 }di=1, it follows from [26, Proposition 5.3.13, Proposition 5.3.15,
(6.1.15), and (6.1.16)] that A(M(1)+)u is finite dimensional. This completes
the proof.
5 Extension groups for M(1)+
In this section we study some weak modules forM(1)+ with rank d. Results
in this section will be used in Section 6. When d = 1, some results in this
section have been obtained in [3, Section 5]. In some parts of the following
argument we shall use techniques in [3, Section 5]. Throughout this section,
M is an M(1)+-modules, W is an irreducible M(1)+-modules, and N is
a weak M(1)+-module. In this section, we consider the following exact
sequence
0→ W → N π→M → 0 (5.1)
of weak M(1)+-modules. We shall use the symbols in (4.1). Let B be
an irreducible A(M(1)+)-submodule of M(0). For ζ = (ζ [1], . . . , ζ [d]), ξ =
(ξ[1], . . . , ξ[d]) ∈ Cd, let v ∈ B such that
(ω
[i]
1 − ζ [i])v = (H [i]3 v − ξ[i])v = 0 (5.2)
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for i = 1, . . . , d. Since the actions of ω
[i]
1 and H
[i]
3 on W are semisimple, we
can take u ∈ N so that
π(u) = v and (ω
[i]
1 − ζ [i])2u = (H [i]3 − ξ[i])2u = 0 (5.3)
for all i = 1, . . . , d. If (W,B) 6∼= (M(1)+,M(1)−(0)), then it follows from [3,
Lemma 4.8] that
ǫ(ω[i], u) ≤ 1 and ǫ(H [i], u) ≤ 3 (5.4)
for all i = 1, . . . , d. We note that [ω
[i]
1 ,H
[j]
3 ] = [H
[i]
3 ,H
[j]
3 ] = 0 for all i, j =
1, . . . , d . For ζ = (ζ [1], . . . , ζ [d]), ξ = (ξ[1], . . . , ξ[d]) ∈ Cd, we define
Wζ,ξ =
d⋂
j=1
Ker(ω
[j]
3 − ζ [j]) ∩
d⋂
j=1
Ker(H
[j]
3 − ξ[j]) ∩W. (5.5)
Since (ω
[i]
1 − ζ [i])u and (H [i]3 − ξ[i])u are elements of W and the actions of
ω
[i]
1 and H
[i]
3 on W are semisimple for all i = 1, . . . , d, we have
(ω
[i]
1 − ζ [i])u, (H [i]3 − ξ[i])u ∈Wζ,ξ (5.6)
for all i = 1, . . . , d.
For a pair of distinct elements i, j ∈ {1, . . . , d}, a direct computation
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shows that
0 = 6ω
[i]
−2Sij(1, 1) + 2ω
[j]
−2Sij(1, 1)
− 4ω0ω[i]−1Sij(1, 1) + ω0ω0ω0Sij(1, 1)
+ 4ω
[i]
−1Sij(1, 2) − 4ω[j]−1Sij(1, 2)
− 3ω0ω0Sij(1, 2) + 6ω0Sij(1, 3), (5.7)
0 = 32ω
[i]
−3Sij(1, 1) − 24H [i]−1Sij(1, 1)
− 8ω[j]−3Sij(1, 1) + 24H [j]−1Sij(1, 1)
− 120ω0ω[i]−2Sij(1, 1) + 36ω0ω[j]−2Sij(1, 1)
+ 72ω0ω0ω
[i]
−1Sij(1, 1) − 9ω0ω0ω0ω0Sij(1, 1)
+ 12ω
[i]
−2Sij(1, 2) + 12ω
[j]
−2Sij(1, 2)
− 72ω0ω[i]−1Sij(1, 2) − 72ω0ω[j]−1Sij(1, 2)
+ 18ω0ω0ω0Sij(1, 2), (5.8)
0 = 8ω
[j]
−3Sij(1, 1) − 24H [j]−1Sij(1, 1)
+ 54ω0ω
[i]
−2Sij(1, 1) − 36ω0ω[j]−2Sij(1, 1)
− 36ω0ω0ω[i]−1Sij(1, 1) + 9ω0ω0ω0ω0Sij(1, 1)
+ 54ω
[i]
−2Sij(1, 2) − 12ω[j]−2Sij(1, 2)
+ 72ω0ω
[j]
−1Sij(1, 2) − 18ω0ω0ω0Sij(1, 2)
+ 72ω
[i]
−1Sij(1, 3), (5.9)
0 = 14ω
[j]
−3Sij(1, 1) + 12H
[j]
−1Sij(1, 1)
− 3ω[j]−2Sij(1, 2) − 36ω[j]−1Sij(1, 3). (5.10)
The following result is well-known:
Lemma 5.1. The vertex operator algebra M(1)+ is strongly generated by
ω[i], J [i], and Slm(1, r) (1 ≤ i ≤ d, 1 ≤ m < l ≤ d, r = 1, 2, 3) in the sense of
[31, p.111].
The following result is a direct consequence of Lemma 5.1:
Lemma 5.2. Let K be an M(1)+-module such that K = M(1)+ · K(0).
Then, K is spanned by a
(1)
i1
· · · a(n)in b where n ∈ Z≥0, b ∈ K(0), a(j) ∈
{ω[k], J [k] | k = 1, . . . , d} ∪ {Slm(1, r) | 1 ≤ m < l ≤ d, r = 1, 2, 3} and
ij ∈ Z≤wt aj−2 for j = 1, . . . , n.
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Lemma 5.3. Let U be a subspace of W which is stable under the actions of
{ω[i]1 ,H [i]3 }di=1. Assume ǫI(ω[i], u) ≤ 1 and ǫI(H [i], u) ≤ 3 for any non-zero
u ∈ U and i = 1, . . . , d. Let i, j ∈ {1, . . . , d} with i 6= j and ǫS ∈ Z such that
ǫS ≥ ǫI(Sij , u) for all non-zero u ∈ U . Then, for a non-zero u ∈ U
0 = −ǫS(ǫS + 1)2Sij(1, 1)ǫSu− (ǫS + 2)(3ǫS + 1)Sij(1, 2)ǫS+1u
+ 4ǫSSij(1, 1)ǫSω
[i]
1 u− 4Sij(1, 1)ǫSω[j]1 u
− 2(3ǫS + 1)Sij(1, 3)ǫS+2u+ 4Sij(1, 2)ǫS+1ω[i]1 u
− 4Sij(1, 2)ǫS+1ω[j]1 u, (5.11)
0 = −ǫS(ǫS + 1)(3ǫ2S + 3ǫS − 2)Sij(1, 1)ǫSu− 2ǫS(3ǫ2S + 3ǫS − 2)Sij(1, 2)ǫS+1u
+ 8ǫS(3ǫS − 1)Sij(1, 1)ǫSω[i]1 u+ 8(3ǫS − 1)Sij(1, 2)ǫS+1ω[i]1 u
− 8Sij(1, 1)ǫSH [i]3 u+ 8(3ǫS − 1)Sij(1, 1)ǫSω[j]1 u
+ 8(3ǫS − 1)Sij(1, 2)ǫS+1ω[j]1 u+ 8Sij(1, 1)ǫSH [j]3 u, (5.12)
0 = 2(3ǫ3S + 21ǫ
2
S + 42ǫS + 14)Sij(1, 2)ǫS+1u− 8(3ǫS − 7)Sij(1, 1)ǫSω[j]1 u
+ 4(18ǫS + 7)Sij(1, 3)ǫS+2u− 8(3ǫS − 7)Sij(1, 2)ǫS+1ω[j]1 u
− 8Sij(1, 1)ǫSH [j]3 u+ 3ǫS(ǫS + 1)2(ǫS + 4)Sij(1, 1)ǫSu
− 12ǫS(ǫS + 4)Sij(1, 1)ǫSω[i]1 u− 36Sij(1, 2)ǫS+1ω[i]1 u
+ 24Sij(1, 3)ǫS+2ω
[i]
1 u, (5.13)
0 = −Sij(1, 2)ǫS+1u− 5Sij(1, 1)ǫSω[j]1 u
− Sij(1, 3)ǫS+2u− 11Sij(1, 2)ǫS+1ω[j]1 u
+ 2Sij(1, 1)ǫSH
[j]
3 u− 6Sij(1, 3)ǫS+2ω[j]1 u. (5.14)
If u is a simultaneous eigenvector of {ω[i]1 , ω[j]1 ,H [i]3 ,H [j]3 } with eigenvalues
{ζ [i], ζ [j], ξ[i], ξ[j]}:
(ω
[i]
1 − ζ [i])u = (ω[j]1 − ζ [j])u
= (H
[i]
3 − ξ[i])u = (H [j]3 − ξ[j])u = 0, (5.15)
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then
0 = (ǫS − 1)
(
(18ζ [i] + 3)ǫ5S + (−54ζ [i] + 6)ǫ4S
+ ((−216ζ [i] − 36)ζ [j] + 216(ζ [i])2 − 78ζ [i] + 1)ǫ3S
+ ((744ζ [i] + 4)ζ [j] + 24(ζ [i])2 + 22ζ [i] − 2)ǫ2S
+ ((−1152(ζ [i])2 − 192ζ [i])ζ [j] − 48(ζ [i])2 + 12ζ [i])ǫ1S
+ (384(ζ [i])2 − 16ζ [i])ζ [j])
+
(
(144ζ [i] + 24)ǫ2S + (−192ζ [i] + 8)ǫS
+ (−192ζ [i] − 32)ζ [j] + 192(ζ [i])2 − 48ζ [i])ξ[i]
+
(− 72ǫ4S − 96ǫ3S + (288ζ [j] + 144ζ [i])ǫ2S
+ (192ζ [i] + 8)ǫS + 192ζ
[i]ζ [j] − 192(ζ [i])2 + 16ζ [j])ξ[i], (5.16)
0 = (ǫS − 1)
(
18ζ [j] + 3)ǫ5S + (−54ζ [j] + 6)ǫ4S
+ (216(ζ [j])2 + (−216ζ [i] − 78)ζ [j] − 36ζ [i] + 1)ǫ3S
+ (24(ζ [j])2 + (744ζ [i] + 22)ζ [j] + 4ζ [i] − 2)ǫ2S
+ ((−1152ζ [i] − 48)(ζ [j])2 + (−192ζ [i] + 12)ζ [j])ǫ1S
+ (384ζ [i](ζ [j])2 − 16ζ [i]ζ [j]))
+
(− 72ǫ4S − 96ǫ3S + (144ζ [j] + 288ζ [i])ǫ2S
+ (192ζ [j] + 8)ǫS − 192(ζ [j])2 + (192ζ [i] + 16)ζ [j]
)
ξ[i]
+
(
(144ζ [j] + 24)ǫ2S + (−192ζ [j] + 8)ǫS
+ 192(ζ [j])2 + (−192ζ [i] − 48)ζ [j] − 32ζ [i])ξ[j]. (5.17)
Proof. By Lemma 4.2, ǫ(Sij(1,m+ 1), u) ≤ ǫS +m for m = 0, 1, . . . and all
non-zero u ∈ U . By taking the (ǫS+3)-th action of (5.7) on u and using the
results in Section 8.1, the same argument as in the proof of (3.48)–(3.52)
in Lemma 3.7 shows (5.11). Taking the (ǫS + 4)-th actions of (5.8)–(5.10)
on u, we have (5.12)–(5.14). Deleting the terms including Sij(1, 3)ǫS+2u
from (5.11), (5.13), and (5.14), we have two relations. Deleting the terms
including Sij(1, 2)ǫS+2u from these two relations and (5.12), we have (5.16)
and (5.17).
Lemma 5.4. Let
0→ W → N π→M → 0 (5.18)
be an exact sequence of weak M(1)+-modules where W is an irreducible
M(1)+-module, N is a weak M(1)+-module and M = ⊕i∈γ+Z≥0Mi is an
vertex algebra associated to an even lattice 47
M(1)+-module. Let B be an irreducible A(M(1)+)-submodule of Mγ that is
not isomorphic toW (0) and v a simultaneous eigenvector in B of {ω[i]1 ,H [i]3 }di=1
with eigenvalues {ζ [i], ξ[i]}di=1:
(ω
[i]
1 − ζ [i])v = (H [i]3 − ξ[i])v = 0. (5.19)
If (W,B) 6∼= (M(1)+,M(1)−(0)), then there exists a preimage u ∈ Nγ of v
under the canonical projection Nγ →Mγ such that
(ω
[i]
1 − ζ [i])u = (H [i]3 − ξ[i])u = 0 (5.20)
for i = 1, . . . , d.
Proof. Using [3, Proposition 4.3] and eigenvalues of ω
[i]
1 and H
[i]
3 for i =
1, . . . , d on irreducible M(1)+-modules in [5, Table 1], we see that the result
holds if W = M(θ)± or B = M(θ)±(0). We discuss the other cases. We
take u ∈ N that satisfies (5.3).
Let B = Ceλ for some λ ∈ h \ {0}. In this case ζ [i] = 〈λ, h[i]〉2/2 and
ξ[i] = 0 for i = 1, . . . , d. We note that at least one of ζ [1], . . . , ζ [d] is not zero.
LetW =M(1, µ) such that µ ∈ h\{0,±λ}. Since ∩nj=1KerH [j]3 ∩M(1, µ) =
Ceµ by [3, Proposition 4.3],
M(1, µ)ζ,(0,...,0) =
d⋂
j=1
Ker(ω
[j]
1 − ζ [j]) ∩ Ceµ. (5.21)
Assume
(ω
[i]
1 − ζ [i])u 6= 0 or H [i]3 u 6= 0 for some i ∈ {1, . . . , d}. (5.22)
It follows from (5.6) that M(1, µ)ζ,(0,...,0) 6= 0 and hence 〈λ, h[j]〉 = ±〈µ, h[j]〉
for all j = 1, . . . , d by (5.21). Since γ = 〈λ, λ〉 = 〈µ, µ〉 and λ 6= ±µ, N(0) ∼=
M(1, λ)(0)⊕M(1, µ)(0) as A(M(1)+)-modules, which leads to the result. If
W =M(1)±, then the result follows from the fact that M(1)±ζ,(0,...,0) = 0.
If B = C1 = M(1)+(0), then the same argument as above shows the
result.
Let B = M(1)−(0), W = M(1, λ) such that λ ∈ h \ {0}, and v =
h[j](−1)1 for some j ∈ {1, . . . , d}. Since ξ[i] = δij for i = 1, . . . , d, it follows
from [3, Proposition 4.3] that
M(1, λ)ζ,ξ ⊂ Ch[j](−1)eλ. (5.23)
Suppose there exists i ∈ {1, . . . , d} such that (ω[i] − δij)u 6= 0 or (H [i] −
δij)u 6= 0. Then, M(1, λ)ζ,ξ 6= 0 and hence δjk = 〈λ, h[k]〉2/2 + δjk for all
k = 1, . . . , d, which contradicts that λ 6= 0. The proof is complete.
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Lemma 5.5. Let
0→ W → N π→M → 0 (5.24)
be an exact sequence of weak M(1)+-modules where W is an irreducible
M(1)+-module, N is a weak M(1)+-module and M = ⊕i∈γ+Z≥0Mi is an
M(1)+-module. Let B be an irreducible A(M(1)+)-submodule of Mγ and v a
simultaneous eigenvector in B for {ω[i]1 ,H [i]3 }di=1 with eigenvalues {ζ [i], ξ[i]}di=1:
(ω
[i]
1 − ζ [i])v = (H [i]3 − ξ[i])v = 0. (5.25)
Let w ∈ Nγ such that (ω[i]1 − ζ [i])w = (H [i]3 − ξ[i])w = 0 for all i = 1, . . . , d.
If (W,B) 6∼= (M(1)+,M(1)−(0)), then w ∈ ΩM(1)+(Nγ). If (W,B) ∼=
(M(1)+,M(1)−(0)), then ǫ(Sij(1, 1), w) ≤ 2 for any pair of distinct ele-
ments i, j ∈ {1, . . . , d}.
Proof. If (W,B) 6∼= (M(1)+,M(1)−(0)), then by Lemma 4.2 and (5.4), it
is enough to show that ǫ(Sij(1, 1), w) ≤ 1 for any pair of distinct elements
i, j ∈ {1, . . . , d}. We write ǫS = ǫ(Sij(1, 1), w) for simplicity.
(1) Let B ∼= M(1, λ)(0) for some λ ∈ h \ {0}. In this case ξ[i] = 0 for all
i = 1, . . . , d. Assume 〈λ, λ〉 6= 0. Then, we may assume λ ∈ Ch[1] and
hence 〈λ, h[i]〉 = ζ [i] = 0 for all i = 2, . . . , d. By (5.16) and (5.17),
0 = ǫ2S(ǫS − 1)((ǫS + 1)(3ǫ2S + 3ǫS − 2) + 4(−9ǫS + 1)ζ [1]),
0 = ǫS(ǫS − 1)((18ζ [1] + 3)ǫ4S + (−54ζ [1] + 6)ǫ3S + (216(ζ [1])2 − 78ζ [1] + 1)ǫ2S
+ (24(ζ [1])2 + 22ζ [1] − 2)ǫS − 48(ζ [1])2 + 12ζ [1]) (5.26)
for i = 2, . . . , d and hence ǫS = 0 or 1 for Si1(1, 1). For the other i, j,
since ζ [i] = ζ [j] = 0, the same argument as above shows that ǫS = 0 or
1.
Assume 〈λ, λ〉 = 0. Then, we may assume 0 6= 〈λ, h[1]〉2 = −〈λ, h[2]〉2
and 〈λ, h[j]〉 = 0 for all j = 3, 4, . . . , d. By substituting ζ [2] = −ζ [1] into
(5.16) and (5.17), the same argument as above shows that ǫS = 0, 1
for S21(1, 1). For the other i, j, since one of ζ
[i] or ζ [j] is 0, the same
argument as above also shows that ǫS = 0 or 1.
(2) Let B ∼= M(1)−(0). If d = 1, then the result is shown in [3, Theorem
5.5]. Assume d ≥ 2. If (ζ [i], ξ[i]) = (ζ [j], ξ[j]) = (0, 0), then it follows
(5.16) that
0 = ǫ2S(ǫS − 1)(ǫS + 1)(3ǫ2S + 3ǫS − 2) (5.27)
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and hence ǫS ≤ 1.
Assume (ζ [i], ξ[i]) = (0, 0) and (ζ [j], ξ[j]) = (1, 1). It follows (5.16) that
0 = (ǫS − 2)(ǫS − 1)(3ǫ4S + 12ǫ3S − 11ǫ2S − 20ǫS − 16) (5.28)
and hence ǫS = 1 or 2. We further assume that ǫS = 2 for some i, j.
By (5.11)–(5.14),
Sij(1, 2)3u = −2Sij(1, 1)2u and Sij(1, 3)4u = 3Sij(1, 1)2u. (5.29)
By (4.10) and (4.11) and computations in Section 8.1.2, Sij(1, 1)2u ∈
ΩM(1)+(W ) and CSij(1, 1)2u ∼= C1 as A(M(1)+)-modules, which leads
W ∼=M(1)+ since W is irreducible.
The same argument as above shows the results for the case that B ∼=
M(1)+(0) or M(θ)±(0).
Lemma 5.6. For a pair of non-isomorphic irreducibleM(1)+-modulesM,W
such that (M,W ) 6∼= (M(1)+,M(1)−) and (M(1)−,M(1)+), Ext1M(1)+(M,W ) =
0.
Proof. Let N be a weak M(1)+-module and
0→ W → N π→M → 0 (5.30)
an exact sequence of weak M(1)+-modules. We write M = ⊕i∈γ+Z≥0Mi
with Mγ 6= 0 and W = ⊕i∈δ+Z≥0Wi with Wδ 6= 0. By Lemmas 5.4 and 5.5,
there exists u ∈ ΩM(1)+(N) such that 0 6= π(u) ∈Mγ .
Assume W ∩ (M(1)+ ·u) 6= 0. SinceWδ ⊂W ∩ (M(1)+ ·u), δ ∈ γ+Z≥0.
Since Ext1M(1)+(W,M) 6= 0 by the assumption, [3, Proposition 2.5], and [6,
Proposition 3.5], the same argument as above shows that γ ∈ δ + Z≥0 and
hence γ = δ. Since N(0) = Nγ ∼= Mγ ⊕ Wδ as A(M(1)+)-modules, the
sequence (5.30) splits, a contradiction.
Lemma 5.7. ForM =M(1)+,M(1)−,M(θ)+, andM(θ)−, Ext1M(1)+(M,M) =
0.
Proof. Let W be an M(1)+-module such that W ∼= M , N a weak M(1)+-
module, and
0→ W → N π→M → 0 (5.31)
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an exact sequence of weak M(1)+-modules. We take u ∈ N and v ∈ M as
in (5.2) and (5.3). In the case of M =M(1)+, the same argument as in the
proof of [3, Proposition 5.1] shows that Ext1M(1)+(M(1)
+,M(1)+) = 0.
For M = M(1)− or M(θ)±, it is enough to show that N(0) ∼= W (0) ⊕
M(0) ∼=M(0)⊕M(0) as A(M(1)+)-modules. In the Zhu algebra A(M(1)+),
we have
ω[i] ∗H [i] ≡ H [i] ∗ ω[i] (5.32)
and recall that the following relations from [26, (6.1.10) and (6.1.11)]:
(132(ω[i])2 − 65ω[i] − 70H [i] + 3) ∗H [i] ≡ 0, (5.33)
(ω[i] − 1) ∗ (ω[i] − 1
16
1) ∗ (ω[i] − 9
16
1) ∗H [i] ≡ 0 (5.34)
for i = 1, . . . , d. Here, we note that Ha in [26, Section 6] is equal to the
image of −9H [a] under the projection M(1)+ → A(M(1)+) for a = 1, . . . , d.
(1) Let M = M(θ)+. Since Sij(1, 1)11tw = 0 for any pair of distinct ele-
ments i, j ∈ {1, . . . , d}, Sij(1, 1)1u ∈ Cv in W . We note that ω[i]1 1tw =
(1/16)1tw and H
[i]
3 1tw = (−1/128)1tw . By (5.34), ω[i]1 w = (1/16)w
and H
[i]
3 w = (−1/128)w for all w ∈ N(0). By (5.16),
0 = (ǫS − 1)(22ǫ2S − 8ǫS + 1)(6ǫ3S + 6ǫ2S − 7ǫS + 1) (5.35)
and hence ǫS ≤ 1. Thus, Sij(1, k)ku = 0 for all k ∈ Z≥0 by (4.14) and
hence N(0) ∼=M(θ)+(0) ⊕M(θ)+(0).
(2) Let M = M(1)−. We consider N(0). Since N(0)/W (0) ∼= M(1)−(0),
Au·N(0) 6= 0. Since At·N(0) ⊂W (0), AuAt = 0, and Au·w 6= 0 for any
non-zero w ∈W (0), we have At ·N(0) = 0. The same argument shows
that Λij ·N(0) = 0 for any pair of distinct elements i, j ∈ {1, . . . , d}.
We note that the eigenvalues for ω[i]|N(0) are 0 and 1, and those for
H [i]|N(0) are also 0 and 1.
Let v ∈ N be a simultaneous generalized eigenvector of {ω[i]1 ,H [i]3 }di=1.
We fix i = 1, . . . , d. Assume H
[i]
3 v 6= 0. By (5.34), ω[i]1 H [i]3 v = H [i]3 v.
By (5.33), (H
[i]
3 − 1)H [i]3 v = 0, which implies ω[i]1 v = v.
Assume H
[i]
3 v = 0 and (ω
[i]
1 − 1)2v = 0. Since (ω[i]1 − 1)v ∈ W (0) and
there is no non-zero vector w ∈ M(1)−(0) such that ω[i]1 w = w and
H
[i]
3 w = 0, (ω
[i]
1 − 1)v = 0.
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Assume H
[i]
3 v = 0 and (ω
[i]
1 )
2v = 0. The argument as above shows
that there exists k such that k 6= i, H [k]3 v = v and ω[k]1 v = v. Since
ω
[k]
1 ω
[i]
1 v = ω
[i]
1 v, we have E
u
kkω
[i]
1 v = ω
[i]
1 v in W (0). By [26, Lemma
5.2.2], ω
[i]
1 v = 0. Thus A(M(1)
+) · v = Au · v. Since Au is isomorphic
to the matrix algebra, Au ·v is an irreducible A(M(1)+)-module. Thus
N(0) ∼=M(1)−(0) ⊕M(1)−(0).
(3) In the case of M = M(θ)−, the same argument as in (2) above shows
that N(0) ∼=M(θ)−(0)⊕M(θ)−(0).
By Lemmas 5.6, 5.7, [3, Proposition 2.5], and [6, Proposition 3.5], we
have the following result:
Proposition 5.8. If a pair (M,W ) of irreducible M(1)+-modules satisfies
one of the following conditions, then Ext1M(1)+(M,W ) = Ext
1
M(1)+(W,M) =
0.
(1) M ∼=M(1, λ) with λ ∈ h \ {0} and W 6∼=M(1, λ).
(2) M ∼=M(θ)±.
(3) M ∼=M(1)+ and W 6∼=M(1)−.
(4) M ∼=M(1)− and W 6∼=M(1)+.
The following result is a direct consequence of Lemmas 5.4 and 5.5.
Corollary 5.9. Let Ω be an irreducible A(M(1)+)-module such that Ω 6∼=
M(1)+0 = C1. Then the generalized Verma module for M(1)
+ associated
with Ω is irreducible.
Proof. Let N = ⊕i∈δ+Z≥0Ni with Nδ = Ω be the generalized Verma module
forM(1)+ associated with Ω andW = ⊕i∈γ+Z≥0Wi the maximal submodule
of M such that Ω ∩W = 0. We take γ so that Wγ 6= 0 if W 6= 0. We
note that γ − δ ∈ Z>0. Taking the restricted dual of the exact sequence
0→W → N → N/W → 0, we have the following exact sequence
0→ (N/W )′ → N ′ →W ′ → 0. (5.36)
We note that (N/W )′ 6∼= M(1)+ by [6, Proposition 3.5]. Assume Wγ 6= 0
and let B be an irreducible A(M(1)+)-submodule of W ′γ . By Lemmas 5.4
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and 5.5, there exists a non-zero u′ ∈ ΩM(1)+(N ′γ). For any homogeneous
a ∈M(1)+ such that ω2a = 0 and i ∈ Z≥wt a, it follows from [27, 5.2.4] that
0 = 〈aiu′, w〉 = (−1)wt a〈u′, a2wt a−i−2w〉. (5.37)
for all w ∈ N . Thus, it follows from Lemma 5.2 that u′ = 0, a contradiction.
Lemma 5.10. Let W be the generalized Verma module W associated to the
A(M(1)+)-module C1 and π :W →M(1)+ the canonical projection. Then,
Kerπ ∼= (M(1)−)⊕k for some k ∈ {1, . . . , d} as M(1)+-modules.
Proof. The same argument as in [3, (6.1)] shows that there is a non-split
exact sequence
0→M(1)− → N →M(1)+ → 0 (5.38)
of M(1)+-modules. Thus, Kerπ 6= 0. Let u ∈ W such that π(u) = 1. Note
that u ∈ ΩM(1)+(N). Thus,
0 = P
(8),H
6 u = 144(ω
[i]
0 − 3H [i]2 )u. (5.39)
for all i = 1, . . . , d. Taking the 3rd action of (5.7) on u, we have
0 = Sij(1, 2)1u+ Sij(1, 3)2u (5.40)
for all i = 2, . . . , d. By (5.39), (5.40), and
Sij(1, 1)0u = −(ω0Sij(1, 1))1u = −Sij(2, 1)1u− Sij(1, 2)1u (5.41)
for any pair of distinct elements i, j ∈ {1, . . . , d}, N1 is spanned by {ω[j]0 u, Sij(1, 2)1 | i, j =
1, . . . , d, i 6= j}. For distinct i, j, k ∈ {1, . . . , d}, by (5.39), (5.40), and com-
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putations in Section 8.1.2,
ω
[j]
1 ω
[j]
0 u = ω
[j]
0 u,
ω
[i]
1 ω
[j]
0 u = 0,
H
[j]
3 ω
[j]
0 u = ω
[j]
0 u,
H
[i]
3 ω
[j]
0 u = 0,
Sij(1, 1)1ω
[j]
0 u = −Sij(1, 2)1u,
Sij(1, 2)2ω
[j]
0 u = 2Sij(1, 2)1u,
Sij(1, 3)3ω
[j]
0 u = −3Sij(1, 2)1u,
ω
[i]
1 Sij(1, 2)1u = Sij(1, 2)1u,
ω
[j]
1 Sij(1, 2)1u = 0,
H
[i]
3 Sij(1, 2)1u = Sij(1, 2)1u,
H
[j]
3 Sij(1, 2)1u = 0,
Sij(1, 1)1Sij(1, 2)1u = −ω[j]0 u,
Sij(1, 2)2Sij(1, 2)1u = 0,
Sij(1, 3)3Sij(1, 2)1u = 0,
Skj(1, 1)1Sij(1, 2)1u = 0,
Skj(1, 2)2Sij(1, 2)1u = 0,
Skj(1, 3)3Sij(1, 2)1u = 0. (5.42)
Thus, for each j = 1, . . . , d, Uj = SpanC{ω[j]0 u, Sij(1, 2)1u | i 6= j} is an
A(M(1)+)-module which is isomorphic to 0 or M(1)−(0). Since
∑d
j=1 Uj =
N1, (W/(M(1)
+ · (∑dj=1Uj))1 = 0. Thus (W/(M(1)+ · (∑dj=1 Uj)) ∼=M(1)+
and hence Kerπ =M(1)+ ·(∑dj=1 Uj). Now the result follows from Corollary
5.9.
6 Intertwining operators for M(1)+
In this section, we study some intertwining operators for M(1)+. Through-
out this section, p is a non-zero complex number, α is a non-zero element
of h with 〈α,α〉 = p, K is an M(1)+-module such that K = M(1)+ ·K(0),
W is a weak M(1)+-module, I( , x) : M(1, α) ×K → W ((x)) is a non-zero
intertwining operator, and h[1], . . . , h[d] is an orthonormal basis of h such
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that α ∈ Ch[1] if 〈α,α〉 6= 0 and α ∈ Ch[1] +Ch[2] if 〈α,α〉 = 0. We write
E = E(α) (6.1)
for simplicity and set N =M(1, α) ·K.
Lemma 6.1. Let t ∈ Z such that t ≥ ǫI(E, u) for all non-zero u ∈ K(0).
The vector space
B = SpanC{(ajE)t+wt a−j−1u | u ∈ K(0), homogeneous a ∈M(1)+ and j ∈ Z}
(6.2)
is a subspace of ΩM(1)+(W ) and is an A(M(1)
+)-module. Moreover the
following result holds.
(1) If p 6= 0, 1/2 and 1, then
B = SpanC{Etu, (Si1(1, 1)0E)t+1u | u ∈ K(0), i = 2, . . . , d}. (6.3)
(2) If p = 1/2, then
B = SpanC{Etu, (H [1]1 E)t+2u, (Si1(1, 1)0E)t+1u | u ∈ K(0), i = 2, . . . , d}.
(6.4)
(3) If p = 1, then
B = SpanC{Etu, (Si1(1, 1)0E)t+1u, (Si1(1, 2)0E)t+2u | u ∈ K(0), i = 2, . . . , d}.
(6.5)
(4) If p = 0, then
B = SpanC{Etu, (ω[1]0 E)t+1u, (Si1(1, 1)0E)t+1u | u ∈ K(0), i = 3, . . . , d}
= SpanC{Etu, (Si1(1, 1)0E)t+1u | u ∈ K(0), i = 2, . . . , d}. (6.6)
The weak submodule M(1)+ ·B of W is spanned by the elements
ωr0a
(1)
i1
· · · a(n)in b (6.7)
where r, n ∈ Z≥0,
a(j) ∈ {ω[k],H [k] | k = 1, . . . , d} ∪ {Slm(1, r) | 1 ≤ m < l ≤ d, r = 1, 2, 3},
(6.8)
b ∈ B, (6.9)
and ij ∈ Z<0 for j = 1, . . . , n.
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Proof. The first part of the results is clear. In Appendix 8, for an element
a in the set (6.8), b ∈ B, and i = 0, 1, . . ., we see that aib is expressed as a
linear combination of elements in the form of (6.7), which induces the other
results. In the case that p = 2, we use (3.89). By (8.195), the two spaces
are equal in (6.6).
6.1 The case that 〈α, α〉 6= 0, 1/2, 1, 2
Throughout this subsection, p is a complex number except 0, 1/2, 1 and 2,
and
〈α,α〉 = p. (6.10)
We assume α ∈ Ch[1] and hence 〈α, h[1]〉2 = p and 〈h[i], λ〉 = 0 for all
i = 2, . . . , d. For any distinct pair of elements i, j ∈ {1, . . . , d}, a direct
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computation shows that
0 = (p− 1)(2p2 − p+ 2)Si1(1, 1)−2E + (−4)(p − 1)2ω[i]−1Si1(1, 1)0E
− (p+ 2)(2p − 1)ω0Si1(1, 1)−1E + (4p − 1)ω20Si1(1, 1)0E
+ p(p− 1)(2p − 5)Si1(2, 1)−1E, (6.11)
0 = p(4p − 1)Si1(1, 1)−3E
− 2p(4p − 1)ω[i]−1Si1(1, 1)−1E
+ (p− 3)(4p − 1)ω[i]−2(Si1(1, 1)0E)
− (p+ 1)ω0Si1(1, 1)−2E
+ 2(4p − 1)ω0ω[i]−1(Si1(1, 1)0E)
− 2ω0ω[1]−1(Si1(1, 1)0E)
+ ω0ω0Si1(1, 1)−1E
− p(4p− 1)Si1(1, 2)−2E
+ 3pω0Si1(1, 2)−1E
+ p(4p− 1)Si1(1, 3)−1E, (6.12)
0 = 3p(p − 1)(4p − 1)Si1(1, 1)−3E
− 4p(p− 2)(4p − 1)ω[i]−1Si1(1, 1)−1E
+ 2(p − 3)(p − 2)(4p − 1)ω[i]−2(Si1(1, 1)0E)
+ 3(p − 1)(4p − 1)ω[1]−2(Si1(1, 1)0E)
− 6(p − 1)(p + 1)ω0Si1(1, 1)−2E
+ 4(p − 2)(4p − 1)ω0ω[i]−1(Si1(1, 1)0E)
− 12(p − 1)ω0ω[1]−1(Si1(1, 1)0E)
+ 6(p − 1)ω0ω0Si1(1, 1)−1E
− 3(p − 1)2(4p − 1)Si1(1, 2)−2E
+ 3(p − 1)(2p + 1)ω0Si1(1, 2)−1E, (6.13)
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0 = 72p(p − 1)ω[i]−1Si1(1, 1)−2E
+ 3p(p+ 2)(2p − 1)ω[i]−2Si1(1, 1)−1E
− 2(14p3 + p2 − 8p− 16)ω[i]−3(Si1(1, 1)0E)−1u
− 12(p − 1)(p + 2)(2p − 1)H [i]−1(Si1(1, 1)0E)−1u
+ 72p(p − 1)ω[i]−1ω[1]−1(Si1(1, 1)0E)−1u
− 3(2p2 − 21p + 22)ω0ω[i]−2(Si1(1, 1)0E)−1u
− 36(p − 1)ω0ω0ω[i]−1(Si1(1, 1)0E)−1u
− 36p(p − 1)(2p + 1)ω[i]−1Si1(1, 2)−1E. (6.14)
Lemma 6.2. Let t ∈ Z such that t ≥ ǫI(E, u) for all non-zero u ∈ K(0).
Then, for u ∈ K(0) and i = 2, . . . , d,
0 = (t+ 1)((4p − 1)t− 2p2 + 7p − 2)(Si1(1, 1)0E)t+1u
+
(
(2p2 + 3p − 2)t− 2p2 + 7p − 2)EtSi1(1, 1)1u
− 4(p− 1)2(Si1(1, 1)0E)t+1ω[1]1 u
+ p(p− 1)(2p − 5)EtSi1(1, 2)2u, (6.15)
0 = (t+ 1)((3p − 1)t− p2 + 5p− 2)(Si1(1, 1)0E)t+1u
+
(
(p − 1)t2 + (−3p2 + 10p− 5)t+ 8p3 − 19p2 + 17p − 4)EtSi1(1, 1)1u
− 2(p− 1)(4p − 1)(t+ 1)(Si1(1, 1)0E)t+1ω[i]1 u
− 2p(p− 1)(4p − 1)EtSi1(1, 1)1ω[i]1 u
− p(p− 1)(3t− 13p + 13)EtSi1(1, 2)2u
+ 2(p− 1)(t − 3p + 4)(Si1(1, 1)0E)t+1ω[1]1 u
+ p(p− 1)(4p − 1)EtSi1(1, 3)3u, (6.16)
0 = (t+ 1)((10p2 − 30p+ 8)t− 4p3 + 29p2 − 53p + 16)(Si1(1, 1)0E)t+1u
+
(
(6p2 − 12p + 6)t2 + (−8p3 + 36p2 − 70p + 30)t
+ 16p4 − 72p3 + 125p2 − 105p + 24)EtSi1(1, 1)1u
− 4(p − 2)(p − 1)(4p − 1)(t + 1)(Si1(1, 1)0E)t+1ω[i]1 u
− 4p(p − 2)(p − 1)(4p − 1)EtSi1(1, 1)1ω[i]1 u
− (p − 1)((6p2 − 3p− 3)t− 20p3 + 69p2 − 58p − 3)EtSi1(1, 2)2u
+ 6(p − 1)2(2t− 4p+ 9)(Si1(1, 1)0E)t+1ω[1]1 u, (6.17)
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0 = (t+ 1)((144p3 + 12p2 − 60p+ 12)t2
+ (−232p4 + 878p3 + 303p2 − 503p + 94)t
+ 88p5 − 586p4 + 913p3 + 593p2 − 716p + 140)(Si1(1, 1)0E)t+1u
+
(
(144p4 + 12p3 − 60p2 + 12p)t2
+ (−280p5 + 506p4 + 999p3 − 599p2 − 182p + 96)t
+ 176p6 − 220p5 − 960p4 + 2167p3 − 485p2 − 342p + 96)EtSi1(1, 1)1u
− 2(p − 1)2(4p− 1)(t + 1)((6p − 6)t+ 14p2 + 39p − 26)(Si1(1, 1)0E)t+1ω[i]1 u
− 2p(p− 1)2(4p − 1)(26p2 + 27p − 26)EtSi1(1, 1)1ω[i]1 u
− p(p− 1)((96p3 + 120p2 − 132p + 24)t
− 88p4 − 790p3 + 1695p2 − 227p − 158)EtSi1(1, 2)2u
− 24(p − 1)2((4p2 − p)t− 4p3 + 25p2 + 8p− 8)(Si1(1, 1)0E)t+1ω[1]1 u
+ 24p(p − 1)2(4p − 1)2EtSi1(1, 3)3u
− 4(p − 1)3(p+ 2)(2p − 1)(4p − 1)(Si1(1, 1)0E)t+1H [i]3 u
− 24p2(p− 1)2(4p − 1)EtSi1(1, 1)1ω[1]1 u
+ 24p(p − 1)3(4p − 1)(Si1(1, 1)0E)t+1ω[1]1 ω[i]1 u
− 12p(p − 1)3(2p + 1)(4p − 1)EtSi1(1, 2)2ω[i]1 u. (6.18)
Proof. By Lemma 4.2, ǫ(Si1(1, 1)0E, u) ≤ t + 1 for all non-zero u ∈ K(0).
By taking the (t+3)-th action of (6.11) on u and using the results in Section
8.2, the same argument as in the proof of (3.48)–(3.52) in Lemma 3.7 shows
(6.15). Taking the (t+4)-th actions of (6.12) and (6.13), and the (t+5)-th
action of (6.14) on u, we have (6.16)–(6.18).
6.1.1 The case that K(0) ∼= Ceλ for some λ ∈ h \ {0}
We need some preparation for the case that K(0) ∼= Ceλ as A(M(1)+)-
modules for some λ ∈ h \ {0}. Let uλ be the element of K(0) corresponding
to eλ. We write
t = ǫI(E, uλ) (6.19)
for simplicity. For i = 2, . . . , d, since Si1(1, 1)1uλ = 〈λ, h[i]〉〈λ, h[1]〉uλ,
ǫ(Si1(1, 1)0E, uλ) ≤ t+ 1 (6.20)
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by Lemma 4.2 and
ǫ(H
[1]
0 E, uλ) ≤ t+ 3 (6.21)
by Lemma 3.4. Thus, we take the vector space B in Lemma 6.1 for this t.
For i = 0, 1, . . ., let us define M(1)+-modules N 〈i〉, A(M(1)+)-modules
B〈i〉, integers t〈i〉, and intertwining operators I〈i〉 :M(1, α)×K → N 〈i〉((x))
inductively as follows: N 〈0〉 = N , B〈0〉 = B, t〈0〉 = t, and I〈0〉 = I. For N 〈i〉,
B〈i〉, and I〈i〉, define the M(1)+-module
N 〈i+1〉 = N 〈i〉/(M(1)+ · B〈i〉). (6.22)
Suppose N 〈i+1〉 6= 0. Using the natural projection pr : N 〈i〉 → N 〈i+1〉, we
define the non-zero intertwining operator
I〈i+1〉( , x) = pr ◦I〈i〉( , x) :M(1, α) ×K → N 〈i+1〉((x)). (6.23)
We write
t〈i+1〉 = ǫI〈i+1〉(E, uλ) and
I〈i+1〉(u, x)v =
∑
j∈Z
I〈i+1〉(u; j)vx−j−1 (6.24)
for u ∈M(1, α) and u ∈ K and define
B〈i+1〉
= SpanC
{
I〈i+1〉(ajE; t
〈i+1〉 +wt a− j − 1)uλ
∣∣∣ homogeneous a ∈M(1)+
and j ∈ Z
}
.
(6.25)
If N 〈i+1〉 = 0, then we define N 〈j〉 = 0, B〈j〉 = 0, and I〈j〉 = 0 for all
j ≥ i+ 1. Note that
t = t〈0〉 > t〈1〉 > t〈2〉 > · · · . (6.26)
A direct computation shows that for any pair of distinct elements i, j ∈
{2, . . . , d},
Sij(1, 1)0E = Sij(1, 1)1E = 0,
Sij(1, 1)1Ete
λ = 〈h[i], λ〉〈h[j], λ〉Eteλ,
Si1(1, 1)1Ete
λ = (Si1(1, 1)0E)t+1e
λ + 〈h[i], λ〉〈h[1], λ〉Eteλ.
(6.27)
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Thus, if (Sij(1, 1)0E)t+1uλ = c〈h[i], λ〉〈h[j], λ〉Etuλ for some c ∈ C, then
Sij(1, 1)1Etuλ = (Sij(1, 1)0E)t+1uλ + 〈h[i], λ〉〈h[j], λ〉Etuλ
= (c+ 1)〈h[i], λ〉〈h[j], λ〉Etuλ
= 〈h[i], λ〉〈h[j], λ+ cλ〉Etuλ
= 〈h[i], λ+ c〈h[j], λ〉h[j]〉〈h[j], λ+ c〈h[j], λ〉h[j]〉Etuλ. (6.28)
Lemma 6.3. For the vector space B with t = ǫI(E, uλ) in Lemma 6.1, the
following results hold:
(1) If 〈α, λ〉 = 0, then t = −1 and
B ∼= Ceα+λ,Ceα−λ, or Ceα+λ ⊕ Ceα−λ (6.29)
as A(M(1)+)-modules and
N =M(1)+ · B
∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.30)
as M(1)+-modules.
(2) If 〈α, λ〉 6= 0 and (1 + t)2 − 〈α, λ〉2 = 0, then
B ∼= Ceα+λ or Ceα−λ (6.31)
as A(M(1)+)-modules. Furthermore, if λ 6= ±α,
N ∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.32)
as M(1)+-modules.
(3) If (1 + t)2 − 〈α, λ〉2 6= 0, then t = p − 2, λ = ±α, and B ∼= M(1)−(0)
as A(M(1)+)-modules.
Proof. By Lemma 6.1, B is spanned byEtuλ and (S21(1, 1)0E)t+1uλ, . . . , (Sd1(1, 1)0E)t+1uλ.
(1) Assume 〈α, λ〉 = 0. Since ω[1]0 uλ = ω[1]1 uλ = 0 and ω[1]0 E = ω0E, it
follows from Lemma 3.10 (1) that (ω
[1]
1 − (t + 1)2/(2p))uλ = 0 and
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hence t = −1. Since L is non-degenerate, we may assume 〈h[2], λ〉 6= 0.
For i = 3, . . . , d, by Lemma 2.2 and
Si2(1, 1)0S21(1, 1)0E =
−1
p− 1ω0Si1(1, 1)0E +
p
p− 1Si1(1, 1)−1E,
Si2(1, 1)−1S21(1, 1)0E
=
1
2p(p− 1)2ω
2
0Si1(1, 1)0E +
1
2(p − 1)2ω0Si1(1, 1)−1E
+
1
2− 2pSi1(1, 2)−1E +
−1
2− 2pSi1(1, 1)−2E + 2ω
[2]
−1Si1(1, 1)0E,
(6.33)
which are obtained by a direct computation, we have
(S21(1, 1)0E)0Si2(1, 1)1uλ
= (Si2(1, 1)−1S21(1, 1)0E)2uλ + (Si2(1, 1)0S21(1, 1)0E)1uλ
= 〈λ, h[2]〉2(Si1(1, 1)0E)0uλ (6.34)
and hence
〈λ, h[i]〉(S21(1, 1)0E)0uλ = 〈λ, h[2]〉(Si1(1, 1)0E)0uλ. (6.35)
Thus, U is spanned byE−1uλ and (S21(1, 1)0E)0uλ. By using results in
Section 8.2 and the commutation relation [ai, bj ] =
∑∞
k=0
( i
k
)
(akb)i+j−k
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for a, b ∈ V +L and i, j ∈ Z, a direct computation shows that
ω
[1]
1 E−1uλ =
p
2
E−1uλ,
ω
[2]
1 E−1uλ = E−1ω
[2]
1 uλ,
ω
[1]
1 (S21(1, 1)0E)0uλ =
p
2
(S21(1, 1)0E)−1uλ,
ω
[2]
1 (S21(1, 1)0E)0uλ = (S21(1, 1)0E)0ω
[2]
1 uλ,
H
[i]
3 E−1uλ = 0 for i = 1, . . . , d,
H
[i]
3 (S21(1, 1)0E)0uλ = 0 for i = 1, . . . , d,
S21(1, 1)1E−1uλ = (S21(1, 1)0E)0uλ,
S21(1, 1)1(S21(1, 1)0E)0uλ = 2pE−1ω
[2]
1 uλ,
S21(1, 2)2E−1uλ = −(S21(1, 1)0E)0uλ,
S21(1, 2)2(S21(1, 1)0E)0uλ = −2pE−1ω[2]1 uλ,
S21(1, 3)3E−1uλ = (S21(1, 1)0E)0uλ,
S21(1, 3)3(S21(1, 1)0E)0uλ = 2pE−1ω
[2]
1 uλ. (6.36)
The actions of the other Sij(1, k)k , k = 1, 2, 3, can be obtained by using
(6.35) and (6.36). Thus,
C
(
E−1uλ ± 〈h[1], α〉〈h[2], λ〉(S21(1, 1)0E)0uλ
) ∼= 0 or Ceλ±α (6.37)
as A(M(1)+)-modules. We have obtained the desired result.
(2) Suppose 〈α, λ〉 6= 0 and (1 + t)2 − 〈α, λ〉2 = 0. Then, t 6= −1 and it
follows from (4.3) and (6.15) that
0 = (−1 + 2p)(−2− 2p + p2 − (2 + p)t)
× ((1 + t)(Si1(1, 1)0E)t+1uλ + pEtSi1(1, 1)1uλ) (6.38)
for i = 2, . . . , d.
Assume −2− 2p+ p2− (2+ p)t = 0. Since t is an integer, p 6= 1/4,−2.
By (4.3), (6.16), and (6.17), we have
0 = p(4p − 1)((−1 + p)(Si1(1, 1)0E)t+1 + (2 + p)EtSi1(1, 1)1)
× ((p + 2)2ω[i]1 − 1)uλ and
0 = p(p− 2)(4p − 1)((−1 + p)(Si1(1, 1)0E)t+1 + (2 + p)EtSi1(1, 1)1)
× (4(p + 2)2ω[i]1 − (5− 2p))uλ. (6.39)
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Thus
0 = p(p− 2)(p + 2)2(2p− 1)(4p − 1)
× ((−1 + p)(Si1(1, 1)0E)t+1 + (2 + p)EtSi1(1, 1)1)u
= (p− 2)(p + 2)3(2p − 1)(4p − 1)
× ((1 + t)(Si1(1, 1)0E)t+1uλ + pEtSi1(1, 1)1uλ), (6.40)
where we have used p(−1 + p) = (p+ 2)(1 + t), and hence
0 = (1 + t)(Si1(1, 1)0E)t+1uλ + pEtSi1(1, 1)1uλ. (6.41)
By (6.38) and (6.41),
(Si1(1, 1)0E)t+1uλ =
−p
1 + t
EtSi1(1, 1)1uλ (6.42)
and hence by (4.3) and (6.28)
Si1(1, 1)1Etuλ
= 〈h[i], λ+ −p
1 + t
〈h[1], λ〉h[1]〉〈h[1], λ+ −p
1 + t
〈h[1], λ〉h[1]〉Etuλ. (6.43)
Since (−p〈h[1], λ〉)2/(1 + t)2 = p = 〈α,α〉, B ∼= Ceλ+α or Ceλ−α as
A(M(1)+)-modules.
(3) Suppose (1 + t)2 6= 〈α, λ〉2 = p〈h[1], λ〉2. Since
(ω
[1]
1 −
(t+ 1)2
2p
)uλ =
〈α, λ〉2 − (t+ 1)2
2p
uλ, (6.44)
it follows from Lemmas 3.10 (1) and 3.11 (1) that t = p − 2 and
〈h[1], λ〉2 = p. It follows from (4.3) and (6.15) that 〈h[i], λ〉 = 0 for all
i = 2, . . . , d and hence λ = ±α. A direct computation shows that for
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i = 2, . . . , d and j = 2, . . . , d with j 6= i
ω
[1]
1 Etuλ = H
[1]
3 Etuλ = Etuλ,
ω
[i]
1 Etuλ = H
[i]
3 Etuλ = 0,
Si1(1, 1)1Etuλ = (Si1(1, 1)0E)t+1uλ,
Si1(1, 2)2Etuλ = −2(Si1(1, 1)0E)t+1uλ,
Si1(1, 3)3Etuλ = 3(Si1(1, 1)0E)t+1uλ,
ω
[1]
1 (Si1(1, 1)0E)t+1uλ = H
[1]
3 (Si1(1, 1)0E)t+1uλ = 0,
ω
[i]
1 (Si1(1, 1)0E)t+1uλ = H
[i]
3 (Si1(1, 1)0E)t+1uλ = (Si1(1, 1)0E)t+1uλ,
Si1(1, 1)1(Si1(1, 1)0E)t+1uλ = Etuλ,
Si1(1, 2)2(Si1(1, 1)0E)t+1uλ = Si1(1, 3)3(Si1(1, 1)0E)t+1uλ = 0,
ω
[j]
1 (Si1(1, 1)0E)t+1uλ = 0,
Sj1(1, 1)1(Si1(1, 1)0E)t+1uλ = 0. (6.45)
Thus, B ∼=M(1)−(0) as A(M(1)+)-modules.
We shall use the symbols prepared in (6.22)–(6.25). By (1),(2), and
(3) above, if 〈α, λ〉 = 0, then N 〈1〉 = 0, namely, N = M(1)+ · B, and if
λ 6= ±α, then B ∼= Ceλ±α, B〈1〉 ∼= Ceλ∓α, and N 〈2〉 = 0. By Corollary 5.9,
(6.30)–(6.32) hold.
6.1.2 The case that K(0) ∼=M(1)−(0)
Assume K(0) ∼= M(1)−(0) as A(M(1)+)-modules. For i = 1, . . . , d, u[i]
denotes the element of K(0) corresponding to h[i](−1)1. In this case, it
follows from Lemma 3.10 (1) that
ǫ(E, u[1]) = 0, and
ǫ(E, u[i]) = −1 for i = 2, . . . , d. (6.46)
Thus, we can take the vector space B in Lemma 6.1 for t = 0.
Lemma 6.4. If K(0) ∼= M(1)−(0), then B ∼= Ceα as A(M(1)+)-modules,
and N =M(1)+ ·B ∼=M(1, α).
Proof. For i = 2, . . . , d, since Si1(1, 1)1u
[1] = u[i], it follows from Lemma 4.2
and (6.46) that
ǫ(Si1(1, 1)0E, u
[1]) ≤ 1. (6.47)
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By (6.15),
0 = −3(−2 + p)(−1 + 2p)(Si1(1, 1)0E)1u[1]
−E0(2 + 3p− 12p2 + 4p3)u[i]. (6.48)
It follows from (6.17), (6.18), and (6.48) that for i = 2, . . . , d,
0 = (p− 1)(4p − 1)(2p2 − 5)E0u[i],
0 = (2p+ 1)(23p2 − 37p− 22)E0u[i] (6.49)
and hence
E0u
[i] = (Si1(1, 1)0E)1u
[1] = 0. (6.50)
By (4.4) and the computation in Section 8.2, for i = 2, . . . , d and j =
1, . . . , d, we have
ω
[1]
1 E0u
[1] =
p
2
E0u
[1],
ω
[i]
1 E0u
[1] = H
[j]
3 E0u
[1] = 0,
Si1(1, 1)1E0u
[1] = Si1(1, 2)2E0u
[1] = Si1(1, 3)3E0u
[1] = 0 (6.51)
and hence B ∼= Ceα as A(M(1)+)-modules. The same argument as in the
proof of Lemma 6.3 shows that N =M(1)+ · B ∼=M(1, α).
6.2 The case that 〈α, α〉 = 2
Throughout this subsection,
〈α,α〉 = 2. (6.52)
We assume α ∈ Ch[1] and hence 〈α, h[1]〉2 = 2 and 〈h[i], λ〉 = 0 for all
i = 2, . . . , d.
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A direct computation shows that
0 = 8Si1(1, 1)−2E − 4ω[1]−1(Si1(1, 1)0E)− 12ω0Si1(1, 1)−1E
+ 7ω0ω0(Si1(1, 1)0E)− 2Si1(1, 2)−1E, (6.53)
0 = 198Si1(1, 1)−4E − 1158ω[i]−2Si1(1, 1)−1E
− 4444ω[i]−3(Si1(1, 1)0E)− 1158H [i]−1(Si1(1, 1)0E)
− 180ω[1]−1Si1(1, 1)−2E + 2448ω[i]−1ω[1]−1(Si1(1, 1)0E)
+ 270ω
[1]
−2Si1(1, 1)−1E − 810H [1]−1(Si1(1, 1)0E)
− 621Si1(1, 1)−1(H0E)− 180ω0Si1(1, 1)−3E
+ 2415ω0ω
[i]
−2(Si1(1, 1)0E)− 135ω0ω[1]−2(Si1(1, 1)0E)
+ 45ω0ω0Si1(1, 1)−2E − 612ω0ω0ω[i]−1(Si1(1, 1)0E)
+ 342Si1(1, 2)−3E − 3672ω[i]−1Si1(1, 2)−1E
+ 1782ω0Si1(1, 3)−1E (6.54)
for i = 2, . . . , d.
Lemma 6.5. Let t ∈ Z such that t ≥ ǫI(E, u) for all non-zero u ∈ K(0).
Then, for u ∈ K(0) and i = 2, . . . , d,
0 = (t+ 1)(7t + 4)(Si1(1, 1)0E)t+1u+ 4(3t+ 1)EtSi1(1, 1)1u
− 4(Si1(1, 1)0E)t+1ω[1]1 u− 2EtSi1(1, 2)2u, (6.55)
0 = (t+ 1)(7665t2 + 43205t + 18582)(Si1(1, 1)0E)t+1u
+ 2(6543t2 + 39413t − 14474)EtSi1(1, 1)1u
− 14(t+ 1)(102t − 2989)(Si1(1, 1)0E)t+1ω[i]1 u+ 77980EtSi1(1, 1)1ω[i]1 u
− 10(27t + 9481)EtSi1(1, 2)2u− 2702(Si1(1, 1)0E)t+1H [i]3 u
− 6(1735t + 3097)(Si1(1, 1)0E)t+1ω[1]1 u− 11844EtSi1(1, 1)1ω[1]1 u
+ 5712(Si1(1, 1)0E)t+1ω
[1]
1 ω
[i]
1 u− 1890(Si1(1, 1)0E)t+1H [1]3 u
− 1449(H0E)t+3Si1(1, 1)1u− 8568EtSi1(1, 2)2ω[i]1 u
− 126(33t + 301)EtSi1(1, 3)3u. (6.56)
Proof. Taking the (t + 3)-th action of (6.53) and the (t + 5)-th action of
(6.54) on u, we have the results.
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Lemma 6.6. Assume K(0) ∼= Ceλ for some λ ∈ h \ {0}. Let uλ denote
the element of K(0) corresponding to eλ. For the vector space B with t =
ǫI(E, uλ) in Lemma 6.1, the following results hold:
(1) If 〈α, λ〉 = 0, then t = −1 and
B ∼= Ceα+λ,Ceα−λ, or Ceα+λ ⊕ Ceα−λ (6.57)
as A(M(1)+)-modules and
N =M(1)+ · B
∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.58)
as M(1)+-modules.
(2) If 〈α, λ〉 6= 0 and (1 + t)2 − 〈α, λ〉2 = 0, then
B ∼= Ceα+λ or Ceα−λ (6.59)
as A(M(1)+)-modules. Furthermore, if λ 6= ±α,
N ∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.60)
as M(1)+-modules.
(3) If (1 + t)2 − 〈α, λ〉2 6= 0, then t = 0, λ = ±α, and B ∼= M(1)−(0) as
A(M(1)+)-modules.
Proof. By (3.95),
(1 + t)2 − 〈α, λ〉2 = 0 or t = 0 (6.61)
and in the later case
2 = 〈λ, h[1]〉2 = 〈α, λ〉2/2. (6.62)
(1) Assume 〈α, λ〉 = 〈h[1], λ〉 = 0. By (6.61) and (6.62), (1+t)2−〈α, λ〉2 =
0 and hence t = −1. A direct computation shows that (6.33), (6.34),
and (6.35) hold even for the case that p = 2.
(2) Assume 〈α, λ〉 6= 0 and (1+t)2−〈α, λ〉2 = 0. Then, t 6= −1. By (6.55),
(Si1(1, 1)0E)t+1uλ =
−2〈λ, h[1]〉〈λ, h[i]〉
1 + t
Etuλ (6.63)
for all i = 2, . . . , d and hence B = CEtuλ.
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(3) Assume (1 + t)2 − 〈α, λ〉2 6= 0. Then, by (6.61) and (6.62), t = 0 and
〈λ, h[1]〉2 = 2. By (6.55),
〈λ, h[i]〉 = 0 (6.64)
for all i = 2, . . . , d and hence λ = ±α.
The same argument as in the proof of Lemma 6.3 shows the other results.
The same argument as in the proof of Lemma 6.4 shows the following
result:
Lemma 6.7. If K(0) ∼= M(1)−(0), then B ∼= Ceα as A(M(1)+)-modules,
and N =M(1)+ ·B ∼=M(1, α).
Proof. For i = 1, . . . , d, u[i] denotes the element of K(0) corresponding to
h[i](−1)1. The same argument as in Section 6.1.2 shows that t = 0 and
ǫ(Si1(1, 1)0E, u
[1]) ≤ 1 for i = 2, . . . , d. For i = 2, . . . , d, by (4.4) and (6.55),
E0u
[i] = 0 (6.65)
and by (6.56),
(Si1(1, 1)0E)1u
[1] = 0. (6.66)
Thus, B = CE0u
[1] by (3.89). The same argument as in the proof of Lemma
6.3 shows that B ∼= Ceα as A(M(1)+)-modules and N = M(1)+ · B ∼=
M(1, α) as M(1)+-modules.
6.3 The case that 〈α, α〉 = 1/2
Throughout this subsection,
〈α,α〉 = 1
2
. (6.67)
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We assume α ∈ Ch[1] and hence 〈α, h[1]〉2 = 1/2 and 〈α, h[i]〉 = 0 for all
i = 2, . . . , d. A direct computation shows that for i = 2, . . . , d
0 = Si1(1, 1)−2E + ω
[1]
−1(Si1(1, 1)0E)− ω20(Si1(1, 1)0E)− Si1(1, 2)−1E,
(6.68)
0 = 2Si1(1, 1)−3E − 2ω[i]−1Si1(1, 1)−1E − 5ω[i]−2(Si1(1, 1)0E)
− ω[1]−1Si1(1, 1)−1E − 5ω0Si1(1, 1)−2E + 4ω0ω[i]−1(Si1(1, 1)0E)
− 4ω0ω[1]−1(Si1(1, 1)0E) + 3ω20Si1(1, 1)−1E + 3ω0Si1(1, 2)−1E
+ Si1(1, 3)−1E, (6.69)
0 = 8ω
[1]
−3E + 12H
[1]
−1E + 3ω
[1]
−1(H
[1]
1 E) + 4ω0ω
[1]
−2E − 11ω20(H [1]1 E), (6.70)
0 = 15Si1(1, 1)−3E − 22ω[i]−1Si1(1, 1)−1E − 55ω[i]−2(Si1(1, 1)0E)
− 9ω[1]−1Si1(1, 1)−1E − 6Si1(1, 1)−1(H [1]1 E)− 27ω0Si1(1, 1)−2E
+ 44ω0ω
[i]
−1(Si1(1, 1)0E)− 12ω0ω[1]−1(Si1(1, 1)0E) + 15ω0ω0Si1(1, 1)−1E
+ 15ω0Si1(1, 2)−1E. (6.71)
Lemma 6.8. Let t ∈ Z such that t ≥ ǫI(E, u) for all non-zero u ∈ K(0).
Then, for u ∈ K(0) and i = 2, . . . , d,
0 = −(t+ 1)2(Si1(1, 1)0E)t+1u−EtSi1(1, 1)1u
+ (Si1(1, 1)0E)t+1ω
[1]
1 u− EtSi1(1, 2)2u, (6.72)
0 = −2(t+ 1)(9t + 8)(Si1(1, 1)0E)t+1u+ 2(3t2 + 5t− 10)EtSi1(1, 1)1u
− 8(t+ 1)(Si1(1, 1)0E)t+1ω[i]1 u− 4EtSi1(1, 1)1ω[i]1 u
− (6t+ 29)EtSi1(1, 2)2u+ 2(4t+ 17)(Si1(1, 1)0E)t+1ω[1]1 u
− 2EtSi1(1, 1)1ω[1]1 u+ 2EtSi1(1, 3)3u, (6.73)
0 = 8(t+ 1)Etω
[1]
1 u− (t+ 1)(11t + 15)(H [1]1 E)t+2u
+ 4(t+ 1)2Et + 12EtH
[1]
3 u+ 3(H
[1]
1 E)t+2ω
[1]
1 u, (6.74)
0 = −2(t+ 1)(25t + 18)(Si1(1, 1)0E)t+1u+ 2(15t2 + 31t− 28)EtSi1(1, 1)1u
− 88(t + 1)(Si1(1, 1)0E)t+1ω[i]1 u− 44EtSi1(1, 1)1ω[i]1 u
− 5(6t + 25)EtSi1(1, 2)2u+ 6(4t + 19)(Si1(1, 1)0E)t+1ω[1]1 u
− 18EtSi1(1, 1)1ω[1]1 u− 12(H [1]1 E)t+2Si1(1, 1)1u. (6.75)
Proof. Taking the (t + 3)-th action of (6.68) and the (t + 4)-th actions of
(6.69) – (6.71) on u, we have the results.
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Lemma 6.9. Assume K(0) ∼= Ceλ for some λ ∈ h \ {0}. Let uλ denote
the element of K(0) corresponding to eλ. Let B be the vector space with
t = ǫI(E, uλ) in Lemma 6.1. Then
(1 + t)2 − 〈λ, α〉2 = 0. (6.76)
Moreover, the following results hold:
(1) If 〈α, λ〉 = 0, then t = −1 and
B ∼= Ceα+λ,Ceα−λ, or Ceα+λ ⊕ Ceα−λ (6.77)
as A(M(1)+)-modules and
N =M(1)+ · B
∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.78)
as M(1)+-modules.
(2) If 〈α, λ〉 6= 0, then
B ∼= Ceα+λ or Ceα−λ (6.79)
as A(M(1)+)-modules and
N ∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.80)
as M(1)+-modules.
Proof. By (3.105)
(1 + t)2 =
〈λ, h[1]〉2
2
= 〈λ, α〉2. (6.81)
(1) Assume 〈λ, α〉 = 〈λ, h[1]〉 = 0. Then, by (6.81), t = −1. A direct
computation shows that (6.33), (6.34), and (6.35) hold even for the
case that p = 1/2.
(2) Assume 〈λ, α〉 6= 0. Then, by (6.81), t 6= −1. Substituting (3.106) into
(6.73) and (6.75), and then deleting the terms including ω
[i]
1 uλ from
the obtained relations, we have
0 = (2t+ 3)(4t + 5)(2(1 + t)(Si1(1, 1)0E)t+1 + Et)uλ (6.82)
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and hence
(Si1(1, 1)0E)t+1uλ =
−1
2(1 + t)
Etuλ. (6.83)
for all i = 2, . . . , d. Thus, B = CEtuλ.
The same argument as in the proof of Lemma 6.3 shows the other results.
Lemma 6.10. If K(0) ∼= M(1)−(0), then B ∼= Ceα as A(M(1)+)-modules,
and N =M(1)+ ·B ∼=M(1, α).
Proof. For i = 1, . . . , d, u[i] denotes the element of K(0) corresponding to
h[i](−1)1. The same argument as in Section 6.1.2 shows that t = 0 and
ǫ(Si1(1, 1)0E, u
[1]) ≤ 1 for i = 2, . . . , d. By (4.4), (6.72)–(6.75)
0 = (Si1(1, 1)0E)1u
[1] = (Si1(1, 2)0E)1u
[1] = E0u
[i] (6.84)
for all i = 2, . . . , d and hence B = CE0u
[1]. The same argument as in the
proof of Lemma 6.4 shows that U ∼= Ceα and N ∼=M(1, α).
6.4 The case that 〈α, α〉 = 1
Throughout this subsection,
〈α,α〉 = 1. (6.85)
We assume α ∈ Ch[1] and hence 〈α, h[1]〉2 = 1 and 〈α, h[i]〉 = 0 for all
i = 2, . . . , d. A direct computation show that
0 = Si1(1, 1)−1E − ω0(Si1(1, 1)0E), (6.86)
0 = Si1(1, 1)−2E − Si1(1, 2)−1E + ω0(Si1(1, 2)0E), (6.87)
0 = 27ω
[1]
−2(Si1(1, 1)0E)− 8ω0Si1(1, 1)−2E
− 2ω0ω[1]−1(Si1(1, 1)0E) + ω0ω0ω0(Si1(1, 1)0E)
+ 21Si1(1, 2)−2E − 12ω[1]−1(Si1(1, 2)0E)
− 18ω0Si1(1, 2)−1E − 15Si1(1, 3)−1E, (6.88)
0 = Si1(1, 1)−3E − 9ω[1]−2(Si1(1, 1)0E)
+ 2ω0Si1(1, 1)−2E − 8Si1(1, 2)−2E
+ 4ω
[1]
−1(Si1(1, 2)0E) + 7ω0Si1(1, 2)−1E
+ 6Si1(1, 3)−1E (6.89)
for all i = 2, . . . , d.
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Lemma 6.11. Let t ∈ Z such that t ≥ ǫI(E, u) for all non-zero u ∈ K(0).
Then, for u ∈ K(0) and i = 2, . . . , d,
0 = (1 + t)(Si1(1, 1)0E)t+1u+ EtSi1(1, 1)1u, (6.90)
0 = (1 + t)(Si1(1, 2)0E)t+2u+ Et(2Si1(1, 1)1 + Si1(1, 2)2)u, (6.91)
0 = −(t3 + 9t2 + 21t+ 12)(Si1(1, 1)0E)t+1u
+ (5t− 22)EtSi1(1, 1)1u− (4t+ 5)(Si1(1, 2)0E)t+2u
+ 2t(Si1(1, 1)0E)t+1ω
[1]
1 u+ 2(9t − 7)EtSi1(1, 2)2u
− 12(Si1(1, 2)0E)t+2ω[1]1 u− 15EtSi1(1, 3)3u, (6.92)
0 = −(t+ 2)(Si1(1, 1)0E)t+1u− 2(7t+ 24)EtSi1(1, 1)1u
− (24t+ 23)(Si1(1, 2)0E)t+2u+ 2(Si1(1, 1)0E)t+1ω[1]1 u
− 3(7t+ 4)EtSi1(1, 2)2u+ 12(Si1(1, 2)0E)t+2ω[1]1 u
+ 18EtSi1(1, 3)3u. (6.93)
Proof. Taking the (t+ 2)-th action of (6.86) the (t+ 3)-th action of (6.87),
and the (t+4)-th actions of (6.88) and (6.89) on u, we have the results.
Lemma 6.12. Assume K(0) ∼= Ceλ for some λ ∈ h \ {0}. Let uλ denote
the element of K(0) corresponding to eλ. Let B be the vector space with
t = ǫI(E, uλ) in Lemma 6.1. Then, the following results hold:
(1) If 〈α, λ〉 = 0, then t = −1 and
B ∼= Ceα+λ,Ceα−λ, or Ceα+λ ⊕ Ceα−λ (6.94)
as A(M(1)+)-modules and
N =M(1)+ · B
∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.95)
as M(1)+-modules.
(2) If 〈α, λ〉 6= 0 and (1 + t)2 − 〈α, λ〉2 = 0, then
B ∼= Ceα+λ or Ceα−λ (6.96)
as A(M(1)+)-modules. Furthermore, if λ 6= ±α,
N ∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.97)
as M(1)+-modules.
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(3) If (1 + t)2 − 〈α, λ〉2 6= 0, then t = −1, λ = ±α, and B ∼=M(1)−(0) as
A(M(1)+)-modules.
Proof. If t 6= −1, then B = CEtuλ by (6.90) and (6.91).
(1) Assume 〈λ, α〉 = 0. Since ω[1]1 uλ = (〈λ, h[1]〉2/2)uλ, it follows from
Lemma 3.10 that t = −1 and hence by (6.92),
(Si1(1, 1)0E)0uλ = (Si1(1, 2)0E)1uλ (6.98)
for all i = 2, . . . , d. A direct computation shows that
Sk2(1, 1)−1S21(1, 1)0E = 2ω
[2]
−1(Sk1(1, 1)0E) +
2
3
ω
[1]
−1(Sk1(1, 1)0E)
+
−1
3
ω0Sk1(1, 1)−1E +
−1
3
Sk1(1, 2)−1E
+
−2
3
ω0(Sk1(1, 2)0E),
Sk2(1, 1)0S21(1, 1)0E = −(Sk1(1, 2)0E),
Sk2(1, 1)1S21(1, 1)0E = Sk1(1, 1)0E,
Sk2(1, 1)iS21(1, 1)0E = 0 for i ≥ 2. (6.99)
and
(Sk2(1, 1)−1S21(1, 1)0E)2uλ = 2(Sk1(1, 1)0E)0ω
[i]
1 uλ +
−1
3
(Sk1(1, 1)0E)0uλ
+
2
3
(Sk1(1, 1)0E)0ω
[1]
1 uλ +
−1
3
E−1Sk1(1, 2)2uλ
+
4
3
(Sk1(1, 2)0E)1uλ,
(Sk2(1, 1)0S21(1, 1)0E)2uλ = −(Sk1(1, 2)0E)1uλ (6.100)
for all k = 3, . . . , d. Since
(Sk2(1, 1)−1S21(1, 1)0E)2uλ
= (S21(1, 1)0E)0Sk2(1, 1)1uλ − (Sk2(1, 1)0S21(1, 1)0E)1uλ, (6.101)
we have
〈λ, h[k]〉〈λ, h[2]〉(S21(1, 1)0E)0uλ = 〈λ, h[2]〉2(Sk1(1, 1)0E)0uλ (6.102)
for all k = 3, . . . , d. The same argument as in the proof of Lemma 6.3
(1) shows the other results.
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(2),(3) The same argument as in the proof of Lemma 6.3 (2) and (3) shows
the results.
Lemma 6.13. If K(0) ∼= M(1)−(0), then B ∼= Ceα as A(M(1)+)-modules,
and N =M(1)+ ·B ∼=M(1, α).
Proof. For i = 1, . . . , d, u[i] denotes the element of K(0) corresponding to
h[i](−1)1. The same argument as in Section 6.1.2 shows that t = 0 and
ǫ(Si1(1, 1)0E, u
[1]) ≤ 1 for i = 2, . . . , d. By (4.4), (6.90), (6.91), and (6.93)
0 = (Si1(1, 1)0E)1u
[1] = (Si1(1, 2)0E)1u
[1] = E0u
[i] (6.103)
for all i = 2, . . . , d and hence B = CE0u
[1]. The same argument as in the
proof of Lemma 6.4 shows that U ∼= Ceα and N ∼=M(1, α).
6.5 The case that 〈α, α〉 = 0
Throughout this subsection,
〈α,α〉 = 0. (6.104)
In this case we can take an orthonormal basis h[1], h[2], . . . , h[d] of h so that
0 6= 〈α, h[2]〉 = √−1〈α, h[1]〉 and 〈α, h[i]〉 = 0 (6.105)
for all i = 3, . . . , d. Since for any pair c, s ∈ C such that c2 + s2 = 1, the
orthonormal basis
ch[1] + sh[2],−sh[1] + ch[2], h[3], . . . , h[d] ∈ h (6.106)
also satisfies the condition (6.105), we have the following result.
Lemma 6.14. The cardinality of the set
{
〈α, h[1]〉
∣∣∣ h
[1], . . . , h[d] is an orthonormal basis of h
such that 0 6= 〈α, h[2]〉 = √−1〈α, h[1]〉
and 〈α, h[i]〉 = 0 for all i = 3, . . . , d
}
(6.107)
is infinite.
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We write
z = 〈α, h[1]〉 and E = E(α) (6.108)
vertex algebra associated to an even lattice 76
for simplicity. A direct computation shows that
0 = z4(7z2 + 1)ω
[2]
−2E − z2(7z4 − z2 − 4)ω[1]−2E
+ 2z4(3z − 1)(3z + 1)ω0ω[2]−1E − 2z2(9z4 + z2 + 2)ω0ω[1]−1E
+ z2(3z − 1)(3z + 1)ω30E − z2(7z4 + 5z2 + 2)
√−1S21(1, 1)−2E
− 2z2(3z2 − 1)(3z2 + 1)√−1ω0S21(1, 1)−1E + 10z4
√−1S21(1, 2)−1E
+ 4z2ω
[2]
−1(ω
[1]
0 E) + 4z
2ω
[1]
−1(ω
[1]
0 E) + 2z
2ω20(ω
[1]
0 E)−1, (6.109)
0 = −2z4(2z2 + 1)2(7z2 + 1)ω[2]−3E
+ 2z2(7z2 + 1)(4z6 − 4z4 + 9z2 + 3)ω[1]−3E
− 8z2(7z2 + 1)(2z4 + 1)ω[1]−1ω[1]−1E
+ 12z2(7z2 + 1)(2z4 + 1)H
[1]
−1E
+ 2z2(16z6 − 27z2 − 4)ω0ω[1]−2E
+ 8z6(8z4 − 17z2 − 3)ω0ω0ω[2]−1E
− 8z2(8z8 − 9z6 − 11z4 − 8z2 − 1)ω0ω0ω[1]−1E
+ 4z4(8z4 − 17z2 − 3)ω0ω0ω0ω0E
+ z2(7z2 + 1)(8z6 + 4z4 + 5z2 − 2)√−1S21(1, 1)−3E
− 2z4(2z2 + 1)(7z2 + 1)√−1ω[2]−1S21(1, 1)−1E
− 2z2(7z2 + 1)(6z4 + z2 + 2)√−1ω[1]−1S21(1, 1)−1E
− z2(8z6 + 8z4 − 19z2 − 3)√−1ω0S21(1, 1)−2E
− z2(2z2 + 1)(32z6 − 68z4 − 5z2 + 1)√−1ω0ω0S21(1, 1)−1E
− 3z4(4z2 + 1)(7z2 + 1)√−1S21(1, 2)−2E
+ z2(48z6 + 5z2 + 1)
√−1ω0S21(1, 2)−1E
+ 2z2(7z2 + 1)(12z4 + 5z2 + 1)
√−1S21(1, 3)−1E
− z2(7z2 + 1)(8z2 + 1)ω[2]−2(ω[1]0 E)
− (7z2 + 1)(8z4 − 5z2 + 6)ω[1]−2(ω[1]0 E)
+ 2z2(32z4 − z2 − 1)ω0ω[2]−1(ω[1]0 E)
+ 2(32z6 − 15z4 + 11z2 + 2)ω0ω[1]−1(ω[1]0 E)
+ (8z2 + 1)(4z4 − 5z2 − 1)ω0ω0ω0(ω[1]0 E), (6.110)
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0 = 8z6(2z2 + 1)2(7z2 + 1)ω
[2]
−1ω
[2]
−1E
+ 4z2(7z2 + 1)(52z6 + 38z4 + 36z2 + 9)ω
[1]
−3E
− 8z2(7z2 + 1)(4z8 + 12z6 + 35z4 + 15z2 + 6)ω[1]−1ω[1]−1E
+ 12z2(7z2 + 1)(8z6 + 34z4 + 15z2 + 6)H
[1]
−1E
+ z2(32z8 − 164z6 − 120z4 − 151z2 − 8)ω0ω[1]−2E
− 8z4(160z8 + 26z6 + 39z4 + 7z2 + 2)ω0ω0ω[2]−1E
+ 4z2(320z10 + 428z8 + 442z6 + 200z4 + 57z2 + 2)ω0ω0ω
[1]
−1E
− 10z2(64z8 + 16z6 + 22z4 + 5z2 + 1)ω0ω0ω0ω0E
+ 2z2(7z2 + 1)(2z6 − 29z4 − 9z2 − 6)√−1S21(1, 1)−3E
− 4z4(2z2 + 1)(7z2 + 1)(4z4 + 4z2 + 3)√−1ω[2]−1S21(1, 1)−1E
− 8z2(7z2 + 1)(4z8 + 10z6 + 22z4 + 9z2 + 3)√−1ω[1]−1S21(1, 1)−1E
− z2(64z8 + 80z6 + 138z4 + z2 + 2)√−1ω0S21(1, 1)−2E
+ 2z2(2z2 + 1)(320z8 + 80z6 + 166z4 + 47z2 + 7)
√−1ω0ω0S21(1, 1)−1E
+ 2z6(7z2 + 1)(34z2 + 5)
√−1S21(1, 2)−2E
+ z2(160z8 + 848z6 + 494z4 + 127z2 + 6)
√−1ω0S21(1, 2)−1E
+ 6z2(7z2 + 1)(16z6 + 38z4 + 15z2 + 2)
√−1S21(1, 3)−1E
+ 6z2(7z2 + 1)(2z4 − 5z2 − 1)ω[2]−2(ω[1]0 E)
+ 6(7z2 + 1)(2z6 − 23z4 − 10z2 − 6)ω[1]−2(ω[1]0 E)
− 2z2(24z6 − 226z4 − 87z2 − 14)ω0ω[2]−1(ω[1]0 E)
− 2(24z8 − 478z6 − 249z4 − 116z2 − 12)ω0ω[1]−1(ω[1]0 E)
− (640z8 + 464z6 + 314z4 + 73z2 + 6)ω0ω0ω0(ω[1]0 E), (6.111)
vertex algebra associated to an even lattice 78
0 = −12z4(2z2 + 1)2(7z2 + 1)H [2]−1E
− 8z2(2z2 + 3)(5z2 + 1)(7z2 + 1)ω[1]−3E
+ 8z2(7z2 + 1)(8z4 + 18z2 + 13)ω
[1]
−1ω
[1]
−1E
+ 12z2(7z2 + 1)(4z6 − 4z4 − 17z2 − 13)H [1]−1E
− z2(512z6 + 180z4 − 144z2 + 7)ω0ω[1]−2E
+ 16z4(62z6 + 79z4 + 15z2 + 3)ω0ω0ω
[2]
−1E
− 4z2(248z8 + 564z6 + 424z4 + 142z2 + 5)ω0ω0ω[1]−1E
+ 8z2(62z6 + 79z4 + 15z2 + 3)ω0ω0ω0ω0E
+ 2z2(4z2 + 11)(7z2 + 1)(2z4 + 3z2 + 2)
√−1S21(1, 1)−3E
+ 8z4(2z2 + 1)(7z2 + 1)
√−1ω[2]−1S21(1, 1)−1E
+ 4z2(7z2 + 1)(12z4 + 20z2 + 13)
√−1ω[1]−1S21(1, 1)−1E
− z2(208z6 + 400z4 + 238z2 + 15)√−1ω0S21(1, 1)−2E
− 4z2(2z2 + 1)(124z6 + 158z4 + 23z2 + 5)√−1ω0ω0S21(1, 1)−1E
− 6z2(7z2 + 1)(8z6 + 18z4 + 15z2 + 3)√−1S21(1, 2)−2E
− z2(96z6 + 48z4 + 50z2 − 5)√−1ω0S21(1, 2)−1E
+ 2z2(7z2 + 1)(48z6 − 26z2 − 13)√−1S21(1, 3)−1E
− 2z2(2z2 + 7)(7z2 + 1)ω[2]−2(ω[1]0 E)
− 2(7z2 + 1)(2z4 − 35z2 − 39)ω[1]−2(ω[1]0 E)
− 2z2(8z4 − 34z2 + 11)ω0ω[2]−1(ω[1]0 E)
− 2(8z6 + 162z4 + 221z2 + 26)ω0ω[1]−1(ω[1]0 E)
+ 496z6 + 624z4 + 154z2 + 13ω0ω0ω0(ω
[1]
0 E), (6.112)
vertex algebra associated to an even lattice 79
0 = 144z4(2z2 + 1)(7z2 + 1)ω
[2]
−1ω
[1]
−1E
+ 8z2(7z2 + 1)(80z4 + 61z2 + 18)ω
[1]
−3E
− 24z2(7z2 + 1)(12z4 + 34z2 + 9)ω[1]−1ω[1]−1E
+ 12z2(7z2 + 1)(32z4 + 100z2 + 27)H
[1]
−1E
+ 3z2(8z2 + 3)(96z4 − 74z2 − 11)ω0ω[1]−2E
− 24z4(16z2 + 3)(16z4 + 5z2 + 1)ω0ω0ω[2]−1E
+ 12z2(512z8 + 768z6 + 530z4 + 130z2 + 9)ω0ω0ω
[1]
−1E
− 12z2(16z2 + 3)(16z4 + 5z2 + 1)ω0ω0ω0ω0E
− 6z2(z2 + 2)(7z2 + 1)(16z2 + 3)√−1S21(1, 1)−3E
− 12z2(7z2 + 1)(24z4 + 40z2 + 9)√−1ω[1]−1S21(1, 1)−1E
+ 3z2(16z2 + 3)(16z4 + 20z2 + 1)
√−1ω0S21(1, 1)−2E
+ 12z2(2z2 + 1)(16z2 + 3)(16z4 + 5z2 + 1)
√−1ω0ω0S21(1, 1)−1E
+ 6z2(3z2 + 1)(7z2 + 1)(16z2 + 3)
√−1S21(1, 2)−2E
+ 3z2(16z2 + 3)(16z4 + 20z2 + 1)
√−1ω0S21(1, 2)−1E
+ 6z2(4z2 + 3)(7z2 + 1)(16z2 + 3)
√−1S21(1, 3)−1E
+ 6z2(7z2 + 1)(16z2 + 3)ω
[2]
−2(ω
[1]
0 E)
+ 6(7z2 + 1)(16z4 − 81z2 − 27)ω[1]−2(ω[1]0 E)
− 6z2(8z2 − 1)(16z2 + 3)ω0ω[2]−1(ω[1]0 E)
− 6(128z6 − 384z4 − 185z2 − 18)ω0ω[1]−1(ω[1]0 E)
− 3(4z2 + 1)(16z2 + 3)2ω0ω0ω0(ω[1]0 E). (6.113)
vertex algebra associated to an even lattice 80
For k = 3, 4, . . . , d,
0 = −2z2ω[2]−1(Sk1(1, 1)0E)− 2z2ω[1]−1(Sk1(1, 1)0E)
− z2ω0ω0(Sk1(1, 1)0E)− z2(z2 + 1)Sk1(1, 1)−2E
+ z2(z2 + 1)ω0Sk1(1, 1)−1E + 3z
4Sk1(1, 2)−1E
− z2(z − 1)(z + 1)√−1Sk2(1, 1)−2E
+ z2(z − 1)(z + 1)√−1ω0Sk2(1, 1)−1E
+ 3z4
√−1Sk2(1, 2)−1E, (6.114)
0 = −12z2(z − 1)(z + 1)(4z4 + 26z2 + 3)ω[k]−2(Sk1(1, 1)0E)
+ 6z2(z − 1)(z + 1)(4z4 + 8z2 + 1)ω[2]−2(Sk1(1, 1)0E)
+ 6z2(z − 1)(z + 1)(4z4 + 8z2 + 1)ω[1]−2(Sk1(1, 1)0E)
+ 8z2(z − 1)(z + 1)(4z4 + 26z2 + 3)ω0ω[k]−1(Sk1(1, 1)0E)
− 12z2(4z6 + 10z4 − 9z2 − 2)ω0ω[2]−1(Sk1(1, 1)0E)
− 12z2(4z6 + 10z4 − 9z2 − 2)ω0ω[1]−1(Sk1(1, 1)0E)
− 6z2(20z4 − 14z2 − 3)ω0ω0ω0(Sk1(1, 1)0E)
− 8z4(z − 1)(z + 1)(4z4 + 26z2 + 3)ω[k]−1Sk1(1, 1)−1E
+ 6z4(z − 1)(z + 1)(2z2 − 1)(2z2 + 5)Sk1(1, 1)−3E
+ 24z4(z − 1)(z + 1)(2z4 + 4z2 + 1)ω[2]−1Sk1(1, 1)−1E
+ 48z6(z − 1)(z + 1)(z2 + 1)ω[1]−1Sk1(1, 1)−1E
+ 12z2(2z2 − 1)(z4 − 3z2 − 1)ω0Sk1(1, 1)−2E
+ 12z2(10z6 − 2z4 − 4z2 − 1)ω0ω0Sk1(1, 1)−1E
− 6z2(z − 1)(z + 1)(2z2 − 1)(4z2 + 1)Sk1(1, 2)−2E
+ 6z2(2z2 − 1)(10z4 − 1)ω0Sk1(1, 2)−1E
− 8z4(z − 1)(z + 1)(4z4 + 26z2 + 3)√−1ω[k]−1Sk2(1, 1)−1E
+ 6z2(z − 1)(z + 1)(2z2 + 1)(2z4 + 7z2 + 2)√−1Sk2(1, 1)−3E
+ 12z4(z − 1)(z + 1)(4z4 + 6z2 + 1)√−1ω[2]−1Sk2(1, 1)−1E
+ 12z4(z − 1)(z + 1)(4z4 + 2z2 − 1)√−1ω[1]−1Sk2(1, 1)−1E
+ 6z2(z − 1)(z + 1)(20z4 − 2z2 − 1)√−1ω0ω0Sk2(1, 1)−1E
+ 18z4(2z2 − 1)(2z2 + 1)√−1ω0Sk2(1, 2)−1E
− 12z4(z − 1)(z + 1)(2z2 + 1)√−1Sk2(1, 3)−1E. (6.115)
vertex algebra associated to an even lattice 81
We also have
0 = R1 +R2 +R3 (6.116)
where
R1 = −120z4(2z2 + 1)(1536z10 − 2336z8 + 2764z6 − 964z4 − 61z2 + 54)H [2]−1(Sk1(1, 1)0E)
+ 8z2(86016z14 − 298496z12 + 331728z10 − 120784z8
− 1232z6 + 6360z4 − 559z2 + 108)ω[2]−3(Sk1(1, 1)0E)
+ 16z2(21504z14 − 37824z12 + 38184z10 − 13924z8
− 394z6 + 379z4 + 31z2 + 54)ω[2]−1ω[2]−1(Sk1(1, 1)0E)
− 36z6(16z2 − 3)(3072z10 − 4672z8 + 5592z6 − 868z4 − 30z2 − 61)H [k]−1(Sk1(1, 1)0E)
+ 16z2(21504z14 − 37824z12 + 38184z10 − 13924z8
− 394z6 + 379z4 + 31z2 + 54)ω[2]−1ω[1]−1(Sk1(1, 1)0E)
+ 72z4(2z2 − 9)(2z2 − 1)2(16z2 − 3)(32z4 − 6z2 − 3)ω[1]−3(Sk1(1, 1)0E)
− z2(16z2 − 3)(236544z14 − 221504z12 + 306744z10 + 57724z8
− 113190z6 + 23743z4 + 12420z2 − 1080)ω0ω[k]−2(Sk1(1, 1)0E)
− 8z2(70656z14 − 290496z12 + 347928z10 − 138404z8
− 3002z6 + 7745z4 − 829z2 + 108)ω0ω[2]−2(Sk1(1, 1)0E)
− 24z4(16z2 − 3)(768z10 − 4528z8 + 5008z6 − 1312z4 − 360z2 + 81)ω0ω[1]−2(Sk1(1, 1)0E)
+ 10z2(16z2 − 3)(15360z14 − 14144z12 + 19704z10 + 3964z8
− 7542z6 + 1591z4 + 828z2 − 72)ω0ω0ω[k]−1(Sk1(1, 1)0E)
+ 16z2(6144z14 − 69504z12 + 106464z10 − 46880z8
− 6002z6 + 2981z4 − 187z2 + 27)ω0ω0ω[2]−1(Sk1(1, 1)0E)
− 72z4(16z2 − 3)(768z8 − 1136z6 + 324z4 + 164z2 − 9)ω0ω0ω[1]−1(Sk1(1, 1)0E)
− 36z2(2z2 + 1)(16z2 − 3)(512z8 − 800z6 + 256z4 + 48z2 − 5)ω0ω0ω0ω0(Sk1(1, 1)0E)
+ z4(16z2 − 3)(82944z14 − 239808z12 + 351112z10 − 190300z8
+ 44182z6 + 2409z4 − 2916z2 + 216)ω[k]−2Sk1(1, 1)−1E
− 2z4(16z2 − 3)(76800z14 − 230464z12 + 339928z10 − 188564z8
+ 44242z6 + 2531z4 − 2916z2 + 216)ω[k]−1Sk1(1, 1)−2E, (6.117)
vertex algebra associated to an even lattice 82
R2 = −144z4(2z2 − 1)(16z2 − 3)(832z10 − 1548z8 + 1390z6 − 375z4 − 32z2 + 18)Sk1(1, 1)−4E
− 8z2(43008z16 − 97152z14 + 49296z12 − 48056z10 + 12140z8
+ 5706z6 − 1382z4 − 85z2 − 54)ω[2]−1Sk1(1, 1)−2E
+ 8z2(21504z16 − 200640z14 + 161640z12 + 500z10 − 22958z8
+ 1605z6 + 410z4 + 85z2 + 54)ω
[2]
−2Sk1(1, 1)−1E
− 48z6(2z2 − 1)(16z2 − 3)(384z8 − 760z6 + 310z4 − 10z2 − 9)ω[1]−1Sk1(1, 1)−2E
− 72z4(2z2 − 1)2(2z2 + 1)(16z2 − 3)(32z4 − 6z2 − 3)ω[1]−2Sk1(1, 1)−1E
− 10z4(16z2 − 3)(15360z14 − 14144z12 + 19704z10 + 3964z8
− 7542z6 + 1591z4 + 828z2 − 72)ω0ω[k]−1Sk1(1, 1)−1E
+ 144z4(2z2 − 1)2(16z2 − 3)(32z8 − 114z6 + 156z4 − 19z2 − 6)ω0Sk1(1, 1)−3E
− 8z2(12288z16 − 117504z14 + 221184z12 − 95896z10 − 19988z8
+ 7728z6 − 400z4 + 85z2 + 54)ω0ω[2]−1Sk1(1, 1)−1E
+ 96z6(16z2 − 3)(192z8 − 364z6 + 136z4 + 41z2 − 6)ω0ω[1]−1Sk1(1, 1)−1E
+ 72z4(16z2 − 3)(256z10 − 656z8 + 256z6 − 24z4 − 10z2 − 3)ω0ω0Sk1(1, 1)−2E
+ 24z4(16z2 − 3)(1536z10 − 864z8 − 1408z6 + 742z4 + 221z2 − 9)ω0ω0ω0Sk1(1, 1)−1E
+ 2z4(16z2 − 3)(76800z14 − 230464z12 + 339928z10 − 188564z8
+ 44242z6 + 2531z4 − 2916z2 + 216)ω[k]−1Sk1(1, 2)−1E
+ 288z4(2z2 − 1)(16z2 − 3)(256z10 − 408z8 + 303z6 − 62z4 − 18z2 + 6)Sk1(1, 2)−3E
− 48z4(15360z12 − 10304z10 + 5704z8
− 104z6 − 1254z4 + 245z2 + 27)ω[2]−1Sk1(1, 2)−1E
+ 24z4(2z2 − 1)(16z2 − 3)(768z10 − 1712z8
+ 1136z6 − 284z4 − 27z2 + 18)ω[1]−1Sk1(1, 2)−1E
+ 72z4(16z2 − 3)(512z10 − 1184z8
+ 1016z6 − 84z4 − 96z2 + 15)ω0ω0Sk1(1, 2)−1E, (6.118)
vertex algebra associated to an even lattice 83
and
R3 = −24z4(2z2 − 1)2(16z2 − 3)(768z8 − 976z6 + 802z4 + 11z2 − 90)Sk1(1, 3)−2E
− 24z4(2z2 − 1)(16z2 − 3)(896z8 − 1752z6 + 618z4 + 263z2 − 78)ω0Sk1(1, 3)−1E
+ z4(16z2 − 3)(82944z14 − 215232z12 + 313736z10 − 145564z8
+ 37238z6 + 2169z4 − 3404z2 + 216)√−1ω[k]−2Sk2(1, 1)−1E
− 2z4(16z2 − 3)(76800z14 − 205888z12 + 302552z10 − 143828z8
+ 37298z6 + 2291z4 − 3404z2 + 216)√−1ω[k]−1Sk2(1, 1)−2E
− 24z4(2z2 + 1)(16z2 − 3)(3456z10 − 5416z8 + 3176z6
− 734z4 − 395z2 + 162)√−1Sk2(1, 1)−4E
− 8z2(2z2 + 1)(21504z14 − 56256z12 + 41832z10 − 15568z8
+ 2582z6 − 38z4 − 131z2 + 54)√−1ω[2]−1Sk2(1, 1)−2E
+ 8z2(21504z16 − 216000z14 + 214440z12 − 89908z10 + 12174z8
+ 4139z6 − 921z4 − 58z2 − 54)√−1ω[2]−2Sk2(1, 1)−1E
− 48z6(16z2 − 3)(768z10 − 2288z8 + 1868z6 − 422z4 + 30z2 − 9)√−1ω[1]−1Sk2(1, 1)−2E
− 10z4(16z2 − 3)(15360z14 − 14144z12 + 19704z10 + 3964z8
− 7542z6 + 1591z4 + 828z2 − 72)√−1ω0ω[k]−1Sk2(1, 1)−1E
+ 144z4(2z2 + 1)(16z2 − 3)(64z10 + 124z8 − 182z6 − 12z4 + 29z2 + 9)√−1ω0Sk2(1, 1)−3E
− 8z2(12288z16 − 123648z14 + 220032z12 − 133048z10 + 10836z8
+ 5888z6 − 942z4 + 23z2 − 54)√−1ω0ω[2]−1Sk2(1, 1)−1E
+ 24z4(16z2 − 3)(1536z10 − 2016z8 − 184z6 + 586z4 − 25z2 − 18)√−1ω0ω0ω0Sk2(1, 1)−1E
+ 2z4(16z2 − 3)(76800z14 − 205888z12 + 302552z10 − 143828z8
+ 37298z6 + 2291z4 − 3404z2 + 216)√−1ω[k]−1Sk2(1, 2)−1E
+ 24z4(2z2 + 1)(16z2 − 3)(1536z10 − 3328z8 + 1400z6
+ 220z4 − 191z2 + 18)√−1Sk2(1, 2)−3E
+ 24z6(16z2 − 3)(1536z10 − 2656z8 + 3376z6 − 1504z4 + 150z2 + 27)√−1ω[1]−1Sk2(1, 2)−1E
+ 24z4(2z2 + 1)(16z2 − 3)(256z8 + 1168z6 − 622z4 + 23z2 + 12)√−1ω0Sk2(1, 3)−1E.
(6.119)
The following results follow from (6.109)–(6.115):
Lemma 6.15. Let t ∈ Z such that t ≥ ǫI(E, u) for all non-zero u ∈ K(0).
vertex algebra associated to an even lattice 84
Let k ∈ {3, . . . , d}. Taking the (t+ 3)-th action of (6.109) on u, we have
0 = −z2(t+ 1)2((9z2 − 1)t+ 14z2 − 2)Etu
+ 2z2(t+ 1)(t+ 2)(ω
[1]
0 E)t+1u
− 2z4((9z2 − 1)t+ 14z2 − 2)Etω[2]1 u
+ 2z2((9z4 + z2 + 2)t+ 14z4 + 2z2 + 2)Etω
[1]
1 u
+ 2z2((9z4 − 1)t+ 14z4 + 5z2 − 1)√−1EtS21(1, 1)1u
+ 10z4
√−1EtS21(1, 2)2u
+ 4z2(ω
[1]
0 E)t+1ω
[2]
1 u+ 4z
2(ω
[1]
0 E)t+1ω
[1]
1 u. (6.120)
vertex algebra associated to an even lattice 85
Taking the (t+ 4)-th actions of (6.110)–(6.112) on u, we have
0 = z2(t+ 1)2((32z6 − 68z4 − 12z2)t2
+ (−128z6 − 284z4 − 63z2 + 7)t− 266z6 − 265z4 − 59z2 + 14)Etu
− (t+ 1)((32z6 − 36z4 − 13z2 − 1)t2
+ (20z6 − 128z4 − 56z2 − 4)t− 74z6 − 124z4 − 62z2 − 4)(ω[1]0 E)t+1u
+ 2z4((32z6 − 68z4 − 12z2)t2
+ (−128z6 − 284z4 − 63z2 + 7)t− 266z6 − 265z4 − 59z2 + 14)Etω[2]1 u
− 2z2((32z8 − 36z6 − 44z4 − 32z2 − 4)t2
+ (−128z8 − 292z6 − 235z4 − 131z2 − 24)t
− 266z8 − 367z6 − 231z4 − 111z2 − 21)Etω[1]1 u
− z2((64z8 − 104z6 − 78z4 − 3z2 + 1)t2
+ (−256z8 − 528z6 − 246z4 − z2 + 11)t
− 532z8 − 880z6 − 409z4 − 61z2 + 10)√−1EtS21(1, 1)1u
− 2((32z6 − 15z4 + 11z2 + 2)t− 28z8 − 20z6 − 59z4 − 3z2 + 2)(ω[1]0 E)t+1ω[1]1 u
− 8z2(7z2 + 1)(2z4 + 1)Etω[1]1 ω[1]1 u
− z2((48z6 + 5z2 + 1)t− 416z6 − 287z4 − 77z2)√−1EtS21(1, 2)2u
− 2z2((32z4 − z2 − 1)t+ 28z6 − 12z4 − 17z2 − 11)(ω[1]0 E)t+1ω[2]1 u
+ 12z2(7z2 + 1)(2z4 + 1)EtH
[1]
3 u
+ 4z2(7z2 + 1)(2z4 + 1)
√−1(ω[1]0 E)t+1S21(1, 1)1u
− 2z4(2z2 + 1)(7z2 + 1)√−1EtS21(1, 1)1ω[2]1 u
− 2z2(7z2 + 1)(6z4 + z2 + 2)√−1EtS21(1, 1)1ω[1]1 u
+ 2z2(7z2 + 1)(12z4 + 5z2 + 1)
√−1EtS21(1, 3)3u, (6.121)
vertex algebra associated to an even lattice 86
0 = −2z2(t+ 1)2((320z8 + 80z6 + 110z4 + 25z2 + 5)t2
+ (832z8 + 422z6 + 257z4 + 79z2 + 9)t+ 504z8 + 382z6 + 71z4 + 41z2 − 2)Etu
+ (t+ 1)((640z8 + 464z6 + 314z4 + 73z2 + 6)t2
+ (1712z8 + 1572z6 + 982z4 + 276z2 + 24)t
+ 1116z8 + 1450z6 + 810z4 + 272z2 + 24)(ω
[1]
0 E)t+1u
− 4z4((320z8 + 52z6 + 78z4 + 14z2 + 4)t2
+ (832z8 + 366z6 + 193z4 + 57z2 + 7)t
+ 504z8 + 354z6 + 39z4 + 30z2 − 3)Etω[2]1 u
+ 2z2((640z10 + 856z8 + 884z6 + 400z4 + 114z2 + 4)t2
+ (1664z10 + 2780z8 + 2966z6 + 1586z4 + 473z2 + 44)t
+ 1008z10 + 2048z8 + 2272z6 + 1302z4 + 416z2 + 46)Etω
[1]
1 u
+ 2z2((640z10 + 480z8 + 412z6 + 260z4 + 61z2 + 7)t2
+ (1664z10 + 1676z8 + 1048z6 + 599z4 + 177z2 + 17)t
+ 1008z10 + 1380z8 + 1072z6 + 467z4 + 155z2 + 10)
√−1EtS21(1, 1)1u
+ 2z2((24z6 − 226z4 − 87z2 − 14)t
− 112z8 − 480z6 − 408z4 − 198z2 − 14)(ω[1]0 E)t+1ω[2]1 u
+ 8z6(2z2 + 1)2(7z2 + 1)Etω
[2]
1 ω
[2]
1 u
+ 2((24z8 − 478z6 − 249z4 − 116z2 − 12)t
+ 112z10 + 504z8 − 104z6 − 132z4 − 92z2 − 12)(ω[1]0 E)t+1ω[1]1 u
− 8z2(7z2 + 1)(4z8 + 12z6 + 35z4 + 15z2 + 6)Etω[1]1 ω[1]1 u
− z2((160z8 + 848z6 + 494z4 + 127z2 + 6)t
− 676z8 − 1678z6 − 530z4 − 80z2)√−1EtS21(1, 2)2u
+ 12z2(7z2 + 1)(8z6 + 34z4 + 15z2 + 6)EtH
[1]
3 u
+ 4z2(7z2 + 1)(8z6 + 34z4 + 15z2 + 6)
√−1(ω[1]0 E)t+1S21(1, 1)1u
− 4z4(2z2 + 1)(7z2 + 1)(4z4 + 4z2 + 3)√−1EtS21(1, 1)1ω[2]1 u
− 8z2(7z2 + 1)(4z8 + 10z6 + 22z4 + 9z2 + 3)√−1EtS21(1, 1)1ω[1]1 u
+ 6z2(7z2 + 1)(16z6 + 38z4 + 15z2 + 2)
√−1EtS21(1, 3)3u, (6.122)
vertex algebra associated to an even lattice 87
0 = −(t+ 1)((496z6 + 624z4 + 154z2 + 13)t2
+ (1360z6 + 1844z4 + 602z2 + 52)t+ 932z6 + 1402z4 + 614z2 + 52)(ω
[1]
0 E)t+1u
− 2z2((496z8 + 1128z6 + 848z4 + 284z2 + 10)t2
+ (1376z8 + 3316z6 + 2842z4 + 1112z2 + 129)t
+ 896z8 + 2284z6 + 2202z4 + 954z2 + 132)Etω
[1]
1 u
+ 2z2(t+ 1)2((248z6 + 316z4 + 60z2 + 12)t2
+ (688z6 + 922z4 + 255z2 + 16)t+ 448z6 + 620z4 + 208z2 − 16)Etu
+ 4z4((248z6 + 316z4 + 60z2 + 12)t2
+ (688z6 + 922z4 + 255z2 + 16)t+ 448z6 + 620z4 + 208z2 − 16)Etω[2]1 u
− 2z2((496z8 + 880z6 + 408z4 + 66z2 + 10)t2
+ (1376z8 + 2532z6 + 1488z4 + 323z2 + 20)t
+ 728z8 + 1664z6 + 1274z4 + 392z2 + 10)
√−1EtS21(1, 1)1u
+ z2((96z6 + 48z4 + 50z2 − 5)t
+ 1008z8 + 292z6 − 470z4 − 368z2 − 18)√−1EtS21(1, 2)2u
+ 2z2((8z4 − 34z2 + 11)t+ 112z6 + 264z4 + 136z2 − 20)(ω[1]0 E)t+1ω[2]1 u
+ 2((8z6 + 162z4 + 221z2 + 26)t
− 112z8 − 272z6 − 104z4 + 138z2 + 26)(ω[1]0 E)t+1ω[1]1 u
− 12z4(2z2 + 1)2(7z2 + 1)EtH [2]3 u
+ 8z2(7z2 + 1)(8z4 + 18z2 + 13)Etω
[1]
1 ω
[1]
1 u
+ 12z2(7z2 + 1)(4z6 − 4z4 − 17z2 − 13)EtH [1]3 u
− 4z2(7z2 + 1)(8z4 + 18z2 + 13)√−1(ω[1]0 E)t+1S21(1, 1)1u
+ 8z4(2z2 + 1)(7z2 + 1)
√−1EtS21(1, 1)1ω[2]1 u
+ 4z2(7z2 + 1)(12z4 + 20z2 + 13)
√−1EtS21(1, 1)1ω[1]1 u
+ 2z2(7z2 + 1)(48z6 − 26z2 − 13)√−1EtS21(1, 3)3u, (6.123)
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0 = −2z2(t+ 1)2((512z6 + 256z4 + 62z2 + 6)t2
+ (1456z6 + 1040z4 + 211z2)t+ 980z6 + 896z4 + 120z2 − 24)Etu
+ (t+ 1)((1024z6 + 640z4 + 132z2 + 9)t2
+ (2832z6 + 2192z4 + 530z2 + 36)t+ 1960z6 + 2006z4 + 550z2 + 36)(ω
[1]
0 E)t+1u
− 4z4((512z6 + 256z4 + 62z2 + 6)t2
+ (1456z6 + 1040z4 + 211z2)t+ 980z6 + 896z4 + 120z2 − 24)Etω[2]1 u
+ 2z2((1024z8 + 1536z6 + 1060z4 + 260z2 + 18)t2
+ (2912z8 + 5248z6 + 3910z4 + 1190z2 + 129)t
+ 1960z8 + 4088z6 + 3246z4 + 1046z2 + 120)Etω
[1]
1 u
+ 2z2((1024z8 + 1024z6 + 380z4 + 74z2 + 6)t2
+ (2912z8 + 3536z6 + 1462z4 + 211z2)t
+ 1960z8 + 3108z6 + 1744z4 + 278z2 − 6)√−1EtS21(1, 1)1u
+ 2z2((128z4 + 8z2 − 3)t
− 336z6 − 384z4 + 24z2 + 36)(ω[1]0 E)t+1ω[2]1 u
+ 2((128z6 − 384z4 − 185z2 − 18)t
+ 336z8 + 832z6 + 44z4 − 110z2 − 18)(ω[1]0 E)t+1ω[1]1 u
+ 48z4(2z2 + 1)(7z2 + 1)Etω
[1]
1 ω
[2]
1 u
− 8z2(7z2 + 1)(12z4 + 34z2 + 9)Etω[1]1 ω[1]1 u
− z2((256z6 + 368z4 + 76z2 + 3)t− 1232z6 − 1586z4 − 372z2 − 6)√−1EtS21(1, 2)2u
+ 4z2(7z2 + 1)(32z4 + 100z2 + 27)EtH
[1]
3 u
+ 4z2(7z2 + 1)(24z4 + 40z2 + 9)
√−1(ω[1]0 E)t+1S21(1, 1)1u
− 4z2(7z2 + 1)(24z4 + 40z2 + 9)√−1EtS21(1, 1)1ω[1]1 u
+ 2z2(4z2 + 3)(7z2 + 1)(16z2 + 3)
√−1EtS21(1, 3)3u. (6.124)
Taking the (t+ 3)-th action of (6.114) on u, we have
0 = −2z2(t+ 1)(t+ 2)(Sk1(1, 1)0E)t+1u
− 2z2((z2 + 1)t− z2 + 1)EtSk1(1, 1)1u
− 2z2((z2 − 1)t− z2 − 1)√−1EtSki(1, 1)1u
− 4z2(Sk1(1, 1)0E)t+1ω[i]1 u− 4z2(Sk1(1, 1)0E)t+1ω[1]1 u
+ 6z4EtSk1(1, 2)2u+ 6z
4
√−1EtSki(1, 2)2u. (6.125)
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Taking the (t+ 4)-th action of (6.115) on u, we have
0 = z2(t+ 1)(t+ 2)((60z4 − 42z2 − 9)t+ 8z6 + 170z4 − 115z2 − 27)(Sk1(1, 1)0E)t+1u
+ z2((60z6 − 12z4 − 24z2 − 6)t2 + (8z8 + 266z6 − 37z4 − 135z2 − 30)t
− 24z8 + 120z6 + 18z4 − 90z2 − 24)EtSk1(1, 1)1u
+ z2((60z6 − 66z4 + 3z2 + 3)t2 + (8z8 + 242z6 − 331z4 + 42z2 + 21)t
− 24z8 + 96z6 − 222z4 + 60z2 + 18)√−1EtSk2(1, 1)1u
− 4z2(z − 1)(z + 1)(4z4 + 26z2 + 3)(t + 1)(Sk1(1, 1)0E)t+1ω[k]1 u
+ 6z2((4z6 + 10z4 − 9z2 − 2)t+ 8z6 + 38z4 − 27z2 − 7)(Sk1(1, 1)0E)t+1ω[2]1 u
+ 6z2((4z6 + 10z4 − 9z2 − 2)t+ 8z6 + 38z4 − 27z2 − 7)(Sk1(1, 1)0E)t+1ω[1]1 u
− 4z4(z − 1)(z + 1)(4z4 + 26z2 + 3)EtSk1(1, 1)1ω[k]1 u
− z2((60z6 − 30z4 − 6z2 + 3)t+ 40z8 + 256z6 − 146z4 − 45z2 + 3)EtSk1(1, 2)2u
+ 12z4(z − 1)(z + 1)(2z2 + 1)(ω[1]0 E)t+1Sk1(1, 1)1u
+ 12z4(z − 1)(z + 1)(2z4 + 4z2 + 1)EtSk1(1, 1)1ω[2]1 u
+ 24z6(z − 1)(z + 1)(z2 + 1)EtSk1(1, 1)1ω[1]1 u
− 4z4(z − 1)(z + 1)(4z4 + 26z2 + 3)√−1EtSk2(1, 1)1ω[k]1 u
− z4((36z4 − 9)t+ 40z6 + 244z4 − 122z2 − 54)√−1EtSk2(1, 2)2u
+ 12z4(z − 1)(z + 1)(2z2 + 1)√−1(ω[1]0 E)t+1Sk2(1, 1)1u
+ 6z4(z − 1)(z + 1)(4z4 + 6z2 + 1)√−1EtSk2(1, 1)1ω[2]1 u
+ 6z4(z − 1)(z + 1)(4z4 + 2z2 − 1)√−1EtSk2(1, 1)1ω[1]1 u
− 6z4(z − 1)(z + 1)(2z2 + 1)√−1EtSk2(1, 3)3u. (6.126)
6.5.1 The case that K(0) ∼= Ceλ for some λ ∈ h \ {0}
In this case, uλ denotes the element of K(0) corresponding to e
λ.
Lemma 6.16. Let B be the vector space with t = ǫI(E, uλ) in Lemma 6.1.
The following results hold:
(1) If 〈α, λ〉 = 0, then t = −1 or −2.
(1-1) We further assume t = −1. Then
B ∼= Ceα+λ,Ceα−λ, or Ceα+λ ⊕ Ceα−λ (6.127)
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as A(M(1)+)-modules and if λ 6= ±α, then
N =M(1)+ · B
∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.128)
as M(1)+-modules.
(1-2) We further assume t = −2. Then, λ = ±α and B ∼= M(1)−(0) as
A(M(1)+)-modules.
(2) If 〈α, λ〉 6= 0, then (1 + t)2 − 〈α, λ〉2 = 0,
B ∼= Ceα+λ or Ceα−λ (6.129)
as A(M(1)+)-modules and
N ∼=M(1, λ+ α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α)
(6.130)
as M(1)+-modules.
Proof. Assume 〈α, λ〉 = 0. Then, 〈λ, h[2]〉 = √−1〈λ, h[1]〉. Deleting the
terms including 〈λ, h[1]〉i (i ∈ Z>0) or (ω[1]0 E)t+1uλ from (6.120)–(6.124), we
have
0 = z4(z − 1)(z + 1)(2z2 + 1)2(t+ 1)(t + 2)2((24z2 + 1)t+ 66z2) (6.131)
and hence t = −1 or −2 by Lemma 6.14. If t = −2, then substituting t = −2
into (6.120), we have
〈α, h[1]〉 = z = ±〈λ, h[1]〉 (6.132)
and hence λ = ±α since (6.132) holds for any h[1] ∈ h with 〈h[1], h[1]〉 =
1 and 〈α, h[1]〉 6= 0. By using the computation in Section 8.6, the same
argument as in the proof of Lemma (6.3) shows that the subspace spanned
by (ω
[1]
0 E)−1uλ, E−2uλ, and (Sk1(1, 1)0E)−1uλ, k = 3, . . . , d, is isomorphic
to M(1)−(0) as A(M(1)+)-modules. Assume t = −1. We may assume that
〈λ, h[1]〉 6= 0. Taking the (t+ 5)-th action of (6.116), we have
0 = z3(52224z14 − 85056z12 + 85944z10 − 25340z8 − 4046z6 + 899z4 + 224z2 + 108)
× 〈λ, h[1]〉(〈λ, h[1]〉Sk1(1, 1)0E − 〈λ, h[k]〉ω[1]0 E)0uλ (6.133)
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and hence
(Sk1(1, 1)0E)0uλ =
〈λ, h[k]〉
〈λ, h[1]〉 (ω
[1]
0 E)0uλ. (6.134)
A direct computation shows that C(〈α, h[1]〉〈λ, h[1]〉E−1 + (ω[1]0 E)0)uλ ∼=
Ceλ+α or 0, and C(〈α, h[1]〉〈λ, h[1]〉E−1 − (ω[1]0 E)0)uλ ∼= Ceλ−α or 0 as
A(M(1)+)-modules.
Assume 〈α, λ〉 6= 0 and 〈λ, λ〉 = 0. For any non-zero z ∈ C we can take
an orthonormal basis h[1], . . . , h[d] of h so that
h[1] =
1
2z
α+
z
〈α, λ〉λ,
h[2] =
√−1(−1
2z
α+
z
〈α, λ〉λ), and
〈h[k], λ〉 6= 0 (6.135)
for all k = 3, . . . , d. Then,
〈α, h[1]〉 = z and 〈α, h[2]〉 = √−1z,
〈λ, h[1]〉 = 〈α, λ〉
2z
and 〈λ, h[2]〉 = −√−1〈α, λ〉
2z
. (6.136)
Deleting the terms including (ω
[1]
0 E)t+1uλ from (6.120)–(6.124), we have
0 = (t− 〈α, λ〉 + 1)(t + 〈α, λ〉+ 1)g(z) (6.137)
where
g(z) = z2(7z2 + 1)
(− 〈α, λ〉2(t+ 1)(t+ 2)
+ (t+ 1)(2t3 + 12t2 + (9〈α, λ〉2 + 24)t+ 14〈α, λ〉2 + 16)z2
− (6t4 + 54t3 + (11〈α, λ〉2 + 164)t2
+ (65〈α, λ〉2 + 204)t + 74〈α, λ〉2 + 88)z4
− 4(t+ 1)(18t3 + 72t2 + 93t+ 38)z6
+ 4(16t4 + 70t3 + 101t2 + (−18〈α, λ〉2 + 49)t − 28〈α, λ〉2 + 2)z8
)
.
(6.138)
By Lemma 6.14, t = 〈α, λ〉 − 1 or −〈α, λ〉 − 1. Since 〈α, λ〉 6= 0, t 6= −1. If
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t 6= −2, then by (6.120) and (6.125),
(ω
[1]
0 E)t+1uλ =
1
2(t+ 1)(t+ 2)
× ((9z2 − 1)t3 + (32z2 − 4)t2
+ (−9z2〈α, λ〉2 + 37z2 − 5)t− 14z2〈α, λ〉2 + 14z2 − 2)Etuλ,
(Sk1(1, 1)0E)t+1uλ =
−z〈λ, h[k]〉〈α, λ〉
t+ 1
Etuλ. (6.139)
If t = −2, then 〈α, λ〉2 = 1 by (6.120) and hence
(ω
[1]
0 E)t+1uλ =
1
2
Etuλ,
(Sk1(1, 1)0E)t+1uλ = z〈λ, h[k]〉〈α, λ〉Etuλ (6.140)
by (6.121), (6.125), and (6.135). A direct computation shows that CEtuλ ∼=
Ceλ+α or Ceλ+α as A(M(1)+)-modules. The same argument as in the proof
of Lemma 6.3 shows that (6.128) and (6.130).
Assume 〈α, λ〉 6= 0 and 〈λ, λ〉 6= 0. We may assume λ ∈ Ch[1]. By taking
the intertwining operator K ×M(1, α) → N((x)), (v, a) 7→ exω0I(a,−x)v,
this case is reduced to the case that 〈α,α〉 6= 0 in Section 6.1.
6.5.2 The other cases
Lemma 6.17. If K(0) ∼= M(1)−(0), then B ∼= Ceα as A(M(1)+)-modules,
and N =M(1)+ ·B ∼=M(1, α).
Proof. For i = 1, . . . , d, u[i] denotes the element of K(0) corresponding to
h[i](−1)1 ∈M(1)−(0). We write
t = ǫ(E, u[1]) (6.141)
for simplicity. Since S21(1, 1)1u
[1] = u[2] and
[S21(1, 1)i, Ej ] = (−
√−1ω0E + 2
√−1ω[1]0 E)i+j + z2
√−1Ei+j−1
= (i+ j)
√−1Ei+j−1 + 2
√−1([ω[1]1 , Ei+j−1]−
〈α, h[1]〉2
2
Ei+j−1)
+ z2
√−1Ei+j−1 (6.142)
for i, j ∈ Z by (8.195), we have ǫ(E, u[2]) ≤ t, which implies that
ǫ(E, a) = t (6.143)
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for all non-zero a ∈ Cu[1] + Cu[2]. Substituting (4.4) into (6.120)–(6.124),
and then deleting the terms including (ω
[1]
0 E)t+1u, Etu
[2], or (ω
[1]
0 E)t+1u
[2]
from the obtained relations, we have
0 = tz4(2z2 + 1)2(7z2 + 1)(2z4 + 1)
× ((9t+ 14)z4 − 5z2 − t− 1)
× ((t+ 1)3(3t3 + 19t2 + 48t+ 50)
+ 2(t+ 1)(2t6 + 15t5 + 64t4 + 218t3 + 498t2 + 610t+ 297)z2
− 2(40t6 + 333t5 + 1105t4 + 1736t3 + 1116t2 − 107t − 335)z4
− 2(t+ 1)(192t4 + 1072t3 + 2305t2 + 2222t + 833)z6)Etu[1]. (6.144)
Thus, by Lemma 6.14 and (6.143), t = 0. Substituting (4.4) and t = 0 into
(6.120)–(6.124), and then deleting the terms including E0u
[2] or (ω
[1]
0 E)1u
[2]
from the obtained relations, we have
0 = z4(2z2 − 1)(2z2 + 1)2(7z2 + 1)(203z4 − 110z2 − 47)
× ((ω[1]0 E)1 + E0)u[1] (6.145)
and hence
(ω
[1]
0 E)1u
[1] = −E0u[1]. (6.146)
In the same manner, we have
E0u
[2] =
√−1E0u[1] and (ω[1]0 E)1u[2] = 0. (6.147)
For i = 3, . . . , d, by substituting (4.4) into (6.120)–(6.124), the same argu-
ment as above shows that
0 = (ω
[1]
0 E)j+1u
[i] = Eju
[i]. (6.148)
for all j ∈ Z≥0. Thus U = CEtu[1]. The same argument as in the proof of
Lemma 6.4 shows that U ∼= Ceα and N ∼=M(1, α).
The same argument as in the proof of Lemmas 6.16 and 6.17 shows the
following result:
Lemma 6.18. If K(0) ∼=M(θ)±, then ǫ(E, u) ≤ −1 for all u ∈ K(0).
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7 Proof of Theorem 1.1
In this section, we will show Theorem 1.1.
Lemma 7.1. Let K be an irreducible M(1)+-submodule of a weak V +L -
module M .
(1) If K ∼=M(1)−, then V +L ·K ∼= V −L .
(2) If K ∼=M(θ)±, then for any non-zero u ∈M(θ)±(0) and homogeneous
a ∈ V +L , ǫ(a, u) ≤ wt a− 1 and hence V +L ·K is a completely reducible
N-graded weak V +L -module.
Proof. (1) It follows from Lemmas 6.4, 6.7, and 6.17 that
V +L ·K ∼=M(1)− ⊕
⊕
α∈L\{0}
M(1, α) (7.1)
asM(1)+-modules and theM(1)+-modules structure in the right hand
side of (7.1) uniquely determines the weak V +L -module structure.
(2) It follows from Lemmas 3.10 (3),(4), 3.11 (2), and 6.18 that ǫ(E(α), u) ≤
〈α,α〉/2 − 1 for all α ∈ L. By using Lemmas 3.4 and 4.2, for homo-
geneous a ∈ V +L an inductive argument on wt a shows that ǫ(a, u) ≤
wt a − 1. Thus, V +L · K is an N-graded weak V +L -module. It follows
from [18, Theorem 6.5] and [43, Theorems 3.8 and 3.16] that V +L ·K
is completely reducible.
For a coset Γ ∈ L⊥/L with Γ 6= L and 2Γ ⊂ L, we take a subset SΓ of Γ
so that Γ = SΓ ∪ (−SΓ) and SΓ ∩ (−SΓ) = ∅, where −SΓ = {−µ | µ ∈ SΓ}.
Lemma 7.2. Let K be an irreducible M(1)+-submodule of a weak V +L -
module M such that K ∼= M(1, λ) for some λ ∈ h \ {0}. Then, λ ∈ L⊥. If
2λ 6∈ L, then V +L ·K is irreducible and
V +L ·K ∼=
⊕
µ∈λ+L
M(1, µ) (7.2)
as M(1)+-modules. If λ 6∈ L and 2λ ∈ L, then V +L ·K ∼= P or P ⊕ P where
P is an irreducible V +L -module such that
P ∼=
⊕
µ∈Sλ+L
M(1, µ) (7.3)
as M(1)+-modules.
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Proof. Let u be the element of K corresponding to eλ ∈M(1, λ). Let α ∈ L.
Assume 〈α,α〉 6= 0. Setting ω[1] = (1/〈α,α〉)α(−1)21, we have
ω
[1]
1 u =
〈α, λ〉2
2〈α,α〉u. (7.4)
Since
ω
[1]
1 u =
(ǫ(E, u) + 1)2
2〈α,α〉 u,
〈α,α〉
2
u, or 0 (7.5)
by Lemmas 3.10 (1) and 3.11 (1), we have 〈α, λ〉 ∈ Z. If 〈α,α〉 = 0, then it
follows from Lemma 6.16 that 〈α, λ〉 ∈ Z.
In the rest of the proof, we assume λ 6∈ L. For a fixed non-zero α ∈ L,
we define the M(1)+-submodule N =M(1, α) ·K. We write
E = E(α) and t = ǫ(E, u) (7.6)
for simplicity. By Lemmas 6.3, 6.6, and 6.16, and the assumption that λ 6∈ L,
N ∼=M(1, λ + α),M(1, λ − α), or M(1, λ + α)⊕M(1, λ− α). (7.7)
We also consider the intertwining operator YM from M(1, α) ×N to M
and define N (1) =M(1, α) ·N . Since
Y (E, x)E
=
(
exp(
∞∑
i=1
α(−i)
i
xi)e2α + exp(
∞∑
i=1
−α(−i)
i
xi)e−2α
)
x〈α,α〉
+
(
exp(
∞∑
i=1
α(−i)
i
xi) + exp(
∞∑
i=1
−α(−i)
i
xi)
)
e0x−〈α,α〉, (7.8)
we have K ⊂ N (1).
Assume N ∼= M(1, λ + α) or M(1, λ − α). We may assume N ∼=
M(1, λ+α). Then, YM induces an intertwining operatorM(1, α)×K → N ∼=
M(1, λ+α). Thus, Lemmas 6.3, 6.6, 6.9, and 6.12 show thatN (1) = K⊕N (2)
where N (2) = 0 or N (2) ∼=M(1, λ+ 2α) as M(1)+-modules. We have inter-
twining operators
fα,λ+α,λ( , x) ∈ IM(1)+
(
K
M(1, α) N
)
,
fα,λ+α,λ+2α( , x) ∈ IM(1)+
(
N (2)
M(1, α) N
)
(7.9)
vertex algebra associated to an even lattice 96
such that
fα,λ+α,λ( , x) + fα,λ+α,λ+2α( , x) = YM ( , x). (7.10)
Let a, b ∈ M(1, α) and u ∈ K(0). Since (x− y)kYM (a, x)YM (b, y)u = (x −
y)kYM (b, y)YM (a, x)u for sufficiently large k,
(x− y)kfα,λ+α,λ(a, x)YM (b, y)u = (x− y)kfα,λ+α,λ(b, y)YM (a, x)u (7.11)
for sufficiently large k. In the following, we shall use the explicit expressions
of intertwining operators forM(1)+-modules. Since fα,λ+α,λ(E, x)YM (E, y)u
is a scalar multiple of
(x− y)−〈α,α〉 exp(
∞∑
n=1
−α(−n)
n
xn +
∞∑
n=1
α(−n)
n
yn)x−〈α,λ〉y〈α,λ〉u (7.12)
and fα,λ+α,λ(E, y)YM (E, x)u is a scalar multiple of
(x− y)−〈α,α〉 exp(
∞∑
n=1
α(−n)
n
xn +
∞∑
n=1
−α(−n)
n
yn)x〈α,λ〉y−〈α,λ〉u, (7.13)
we have fα,λ+α,λ( , x)YM ( , y) = 0 and hence
YM(E, x)YM (E, y)u = f
α,λ+α,λ+2α(E, x)YM (E, y)u. (7.14)
This leads to a contradiction E(·(E · u)) ⊂ N (2) since u ∈ E(·(E · u)). Thus
N ∼=M(1, λ + α)⊕M(1, λ− α). (7.15)
For a non-zero α ∈ L, we write
M(1, α) ·K =M [λ+α] ⊕M [λ−α] (7.16)
where M [λ±α] ∼=M(1, λ ± α) as M(1)+-modules.
as M(1)+-modules where for each i ∈ I there exists α〈i〉 ∈ λ + L such
that M 〈i〉 ∼=M(1, α〈i〉) as M(1)+-modules.
Assume 2λ 6∈ L. Since λ+α 6= ±(λ+β) for any pair of distinct elements
α, β ∈ L, it follows from (7.15) that
V +L ·K =
∑
α∈L
(M(1, α) ·K) ∼=
⊕
µ∈λ+L
M(1, µ) (7.17)
and V +L ·K is an irreducibleV +L -module.
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Assume λ 6∈ L, λ = α/2 for some α ∈ L, and K ∩ (M(1, α) · K) 6= 0.
Since K =M [λ−α] in this case, we can write M(1, α) ·K = K ⊕M [3α/2]. If
M [α/2+β] ∼= K for some non-zero β ∈ L, then α/2 + β = ±α/2 and hence
β = −α, which leads that K = M [α/2+β]. If M [α/2+β] ∼= M [α/2+γ] for some
pair of distinct non-zero elements β, γ ∈ L, then α/2 + β = −α/2 − γ, or
equivalently β = −γ − α. Since M(1, β) · K ⊂ M(1, γ) · M(1, α) · K =
M(1, γ) · (K⊕M [3α/2]), it follows from (7.15) that α/2+β = σ1α/2+σ2γ or
σ3(3α/2)+σ4γ where σ1, σ2, σ3, σ4 ∈ {±1}. If α/2+β = σ3(3α/2)+σ4γ, then
a direct computations shows that α = 0 or β = 0, which is a contradiction.
Thus, M [α/2+β] =M [α/2+γ] or M [α/2−γ]. It follows from (7.15) that
V +L ·K =
∑
β∈L
(M(1, β) ·K) ∼=
⊕
µ∈Sλ+L
M(1, µ) (7.18)
and V +L ·K is an irreducibleV +L -module.
Assume λ = α/2 for some α ∈ L and K ∩ (M(1, α) · K) = 0. We
have M(1, α) ·K = M [α/2] ⊕M [3α/2]. By (7.8), we have M(1, α) ·M [α/2] =
K ⊕ N [3α/2] where N [3α/2] ∼= M(1, 3α/2) as M(1)+-modules. We take the
following four intertwining operators
I1,(α,α/2,α/2)( , x) :M(1, α) ×K →M [α/2]((x)),
I1,(α,α/2,3α/2)( , x) :M(1, α) ×K →M [3α/2]((x)),
I2,(α,α/2,α/2)( , x) :M(1, α) ×M [α/2] → K((x)), and
I2,(α,α/2,3α/2)( , x) :M(1, α) ×M [α/2] → N [3α/2]((x)) (7.19)
such that
YM( , x)|M(1,α)×K = I1,(α,α/2,α/2)( , x) + I1,(α,α/2,3α/2)( , x) and
YM( , x)|M(1,α)×M [α/2] = I2,(α,α/2,α/2)( , x) + I2,(α,α/2,3α/2)( , x). (7.20)
We extend Ii,(α,α/2,α/2)( , x), i = 1, 2, to the intertwining operators from
M(1, α) × (K ⊕M [α/2]) to K ⊕M [α/2] by setting
I1,(α,α/2,α/2)( , x)|M(1,α)×M [α/2] = I2,(α,α/2,α/2)( , x)|M(1,α)×K = 0 (7.21)
and define
I(α,α/2,α/2)( , x)
= I1,(α,α/2,α/2)( , x) + I2,(α,α/2,α/2)( , x) : K ⊕M [α/2] → K ⊕M [α/2].
(7.22)
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Note that theM(1)+-submoduleW = K+M [α/2]+M [3α/2]+N [3α/2] ofM is
completely reducible and I(α,α/2,α/2)( , x) = pr ◦YM ( , x)|K⊕M [α/2] where pr :
W → K ⊕M [α/2] is the projection. We set v = I1,(α,α/2,α/2)(E; p/2− 1)u ∈
M [α/2]. Then, there exists a non-zerom ∈ C such that I2,(α,α/2,α/2)(E; p/2−
1)I1,(α,α/2,α/2)(E; p/2 − 1)u = m2u. Writing w± = v ±mu ∈ ΩM(1)+(K ⊕
M [α/2]), we have Cw± ∼= Ceα/2 as A(M(1)+)-modules. We set K± =
M(1)+ ·w± ∼=M(1, α/2) in M . Since I(α,α/2,α/2)(E; p/2−1)w± = mw±, we
have M(1, α) ·K± = K± ⊕ P [3α/2] where P [3α/2] ∼= M(1, 3α/2) as M(1)+-
modules. Replacing K by K±, we can obtain the following result in the
same way that we obtained (7.18):
V +L ·K± =
∑
β∈L
(M(1, β) ·K±) ∼=
⊕
µ∈Sλ+L
M(1, µ) (7.23)
and V +L ·K± are irreducible V +L -modules. Since K ⊕M [α/2] = K+ ⊕K−,
we have V +L K = V
+
L ·K+ ⊕ V +L ·K−. This completes the proof.
Lemma 7.3. Every weak V +L -module contains an irreducible weak V
+
L -
submodule which is isomorphic to a submodule of a θ-twisted irreducible
VL-module or is a direct sum of pairwise non-isomorphic irreducible M(1)
+-
modules.
Proof. It follows from Lemma 4.3, Corollary 5.9, Lemma 5.10, and [22,
Theorem 6.2] that for a weak V +L -module M , there exists an irreducible
M(1)+-submodule K of M . Assume K ∼=M(1, α) for some non-zero α ∈ L.
It follows from Lemmas 6.3, 6.6, and 6.16 that M(1, α) · K includes an
A(M(1)+)-module which is isomorphic to C1 or M(1)−(0). Hence there
exists an irreducible M(1)+-submodule of M which is isomorphic to M(1)+
or M(1)− by Corollary 5.9 and Lemma 5.10. Now the results follows from
Lemma 7.1, Lemma 7.2, and [32, Proposition 4.7.7].
Lemma 7.4. Let λ ∈ L⊥ \L, N an irreducible weak V +L -modules such that
N ∼= ⊕β∈λ+LM(1, β) as M(1)+-modules. If 2λ 6∈ L, then N ∼= Vλ+L and if
2λ ∈ L, then N ∼= V +λ+L or V −λ+L as V +L -modules.
Proof. Let N1 and N2 be two irreducible weak V +L -modules such that
N i ∼=
⊕
γ∈λ+L
M(1, γ), i = 1, 2, (7.24)
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as M(1)+-modules. We may assume YN1(a, x) = YN2(a, x) for all a ∈
M(1)+. For i = 1, 2, α ∈ L \ {0} and β ∈ λ+ L, let
f i,(α,β,α+β)( , x) :M(1, α) ×M(1, β)→M(1, α + β),
f i,(α,β,−α+β)( , x) :M(1, α) ×M(1, β)→M(1,−α + β) (7.25)
such that YN1( , x)|M(1,α)×M(1,β) = f1,(α,β,α+β)( , x) + f1,(α,β,−α+β)( , x)
and YN2( , x)|M(1,α)×M(1,β) = f2,(α,β,α+β)( , x) + f2,(α,β,−α+β)( , x). Set
f1,(0,β,β)( , x) = f2,(0,β,β)( , x) = YN1( , x)|M(1,β). As we have seen in the
proof of Lemma 7.3, f i,(α,β,±α+β)( , x) 6= 0 for all i = 1, 2, α ∈ L, and
β ∈ λ+ L. Note that for i = 1, 2 and α ∈ L, β ∈ λ+ L,
f i,(α,β,α+β)( , x) = f i,(−α,β,α+β)( , x)
= f i,(α,−β,α+β)( , x)
= f i,(α,β,−α−β)( , x). (7.26)
For i = 1, 2, j ∈ Z, and homogeneous a ∈M(1, α), we define
oij(a) = Yi(a; wt a− j − 1),
o
i,(α,β,α+β)
j (a) = f
i,(α,β,α+β)(a; wt a− j − 1),
o
i,(α,β,−α+β)
j (a) = f
i,(α,β,−α+β)(a; wt a− j − 1) (7.27)
and extend oij(a) and o
i,(α,β,±α+β)
j (a) for all a ∈M(1, α) by linearity. Let k ∈
Z, u ∈M(1, β)(k) a non-zero element, i, j ∈ Z such that M(1, α+ β)(i) 6= 0
and M(1,−α+ β)(j) 6= 0. By [23, Theorem 4.9], there exists a, b ∈M(1, α)
such that
0 6= o1i−k(a)u ∈M(1, α + β)(i), 0 = o1,(α,β,−α+β)i−k (a)u,
0 6= o2i−k(a)u ∈M(1, α + β)(i), 0 = o2,(α,β,−α+β)i−k (a)u, (7.28)
and
0 6= o1j−k(b)u ∈M(1,−α + β)(j), 0 = o1,(α,β,α+β)j−k (b)u,
0 6= o2j−k(b)u ∈M(1,−α + β)(j), 0 = o2,(α,β,α+β)j−k (b)u. (7.29)
Hence
o1i−k(a)u = o
1,(α,β,α+β)
i−k (a)u, o
2
i−k(a)u = o
2,(α,β,α+β)
i−k (a)u,
o1j−k(b)u = o
1,(α,β,−α+β)
j−k (b)u, o
2
j−k(b)u = o
2,(α,β,−α+β)
j−k (b)u. (7.30)
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By [6, Theorem 4.7], there exists ϕ(α, β, β±α) ∈ C\{0} such that f2,(α,β,α+β)( , x) =
ϕ(α, β, α+β)f1,(α,β,α+β)( , x) and f2,(α,β,−α+β)( , x) = ϕ(α, β,−α+β)f1,(α,β,−α+β)( , x).
By (7.28)–(7.30) and Borcherds identity, for α1, α2 ∈ L,
ϕ(α2, β, α2 + β)ϕ(α1, α2 + β, α1 + α2 + β) = ϕ(α1 + α2, β, α1 + α2 + β).
(7.31)
Assume 2λ 6∈ L. We fix β ∈ L. Note that β + α 6= ±(β + γ) for any
pair of distinct elements α, γ ∈ L. Then, the map ϕ : N1 → N2 defined
by ϕ|M(1,α+β) = ϕ(α, β, α + β) idM(1,α+β) for α ∈ L is a weak V +L -module
isomorphism.
Assume 2λ ∈ L and set β = 2λ ∈ L. It follows from (7.26) and (7.31)
that
1 = ϕ(0, β/2, β/2) = ϕ(−β, β/2,−β/2)ϕ(β,−β/2, β/2)
= ϕ(β, β/2, β/2)2 (7.32)
and hence ϕ(β, β/2, β/2) = ±1. If ϕ(β, β/2, β/2) = 1, then the map ϕ :
N1 → N2 defined by ϕ|M(1,α+β/2) = ϕ(α, β/2, α + β/2) idM(1,α+β/2) for
α ∈ L is a weak V +L -module isomorphism. This implies that there are
at most two possible weak V +L -module structure on the M(1)
+-modules
with the decomposition in the right hand side of (7.1). This completes the
proof.
(Proof of Theorem 1.1). Combining Lemmas 7.1, 7.2, 7.3, and 7.4, we have
the result.
8 Appendix
In this appendix, for some a, b ∈ VL, we put the computations of akb for
k ∈ Z≥0. For k ∈ Z≥0 not listed below, akb = 0. Using these results,
we can compute the commutation relation [ai, bj ] =
∑∞
k=0
(
i
k
)
(akb)i+j−k. In
particular, we see that the space B in Lemma 6.1 is spanned by the elements
described in the lemma (1)–(5). Let h[1], . . . , h[d] be an orthonormal basis of
h. The rest of this appendix, i, j, k, l are distinct elements of {1, . . . , d} and
E = E(α) (8.1)
for some α ∈ h \ {0} with 〈α,α〉 = p.
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8.1 Computations in M(1)
8.1.1 The case of rank one
ω0ω = ω0ω−11, ω1ω = 2ω−11, ω2ω = 0, ω3ω =
1
2
1, (8.2)
ω0H = ω0H−11, ω1H = 4H−11, ω2H =
−1
3
ω0ω−11,
ω3H = 2ω−11, ω4H = 0, ω5H =
−1
3
1, (8.3)
H0H = 2ω0ω−2ω−21+
24
5
ω0ω−1H−11
+
−2
5
ω30ω−1ω−11+
−3
10
ω30H−11+
1
20
ω50ω−11,
H1H = 4ω−2ω−21+
48
5
ω−1H−11
+
−4
5
ω20ω−1ω−11+
16
15
ω20H−11+
7
45
ω40ω−11,
H2H = 10ω0H−11+
7
18
ω30ω−11,
H3H = 20H−11+
4
3
ω20ω−11,
H4H =
10
3
ω0ω−11,
H5H =
20
3
ω−11,
H6H = 0,
H7H =
5
3
1. (8.4)
8.1.2 The general case
ω
[j]
0 Sij(1, 1) = Sij(1, 2)−11, ω
[j]
1 Sij(1, 1) = Sij(1, 1)−11, (8.5)
ω
[j]
0 Sij(1, 2) = 2Sij(1, 3)−11,
ω
[j]
1 Sij(1, 2) = 2Sij(1, 2)−11,
ω
[j]
2 Sij(1, 2) = 2Sij(1, 1)−11, (8.6)
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ω
[j]
0 Sij(1, 3) = −ω[j]−2Sij(1, 1)−11+ 2ω[j]−1Sij(1, 2)−11,
ω
[j]
1 Sij(1, 3) = 3Sij(1, 3)−11,
ω
[j]
2 Sij(1, 3) = 3Sij(1, 2)−11,
ω
[j]
3 Sij(1, 3) = 3Sij(1, 1)−11, (8.7)
H
[j]
0 Sij(1, 1) = −2ω[j]−2Sij(1, 1)−11+ 4ω[j]−1Sij(1, 2)−11,
H
[j]
1 Sij(1, 1) = 4Sij(1, 3)−11,
H
[j]
2 Sij(1, 1) =
7
3
Sij(1, 2)−11,
H
[j]
3 Sij(1, 1) = Sij(1, 1)−11, (8.8)
H
[j]
0 Sij(1, 2) = −6ω0ω[j]−2Sij(1, 1)−11+ 6ω[i]−2Sij(1, 2)−11
− 4ω0ω[i]−1Sij(1, 2)−11+ 12ω0ω[j]−1Sij(1, 2)−11
+ ω0ω0ω0Sij(1, 2)−11+ 8ω
[i]
−1Sij(1, 3)−11
− 6ω0ω0Sij(1, 3)−11,
H
[j]
1 Sij(1, 2) = −6ω[j]−2Sij(1, 1)−11+ 12ω[j]−1Sij(1, 2)−11,
H
[j]
2 Sij(1, 2) =
38
3
Sij(1, 3)−11,
H
[j]
3 Sij(1, 2) = 8Sij(1, 2)−11,
H
[j]
4 Sij(1, 2) = 4Sij(1, 1)−11, (8.9)
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H
[j]
0 Sij(1, 3) =
40
29
ω
[j]
−3Sij(1, 2)−11+
60
29
H
[j]
−1Sij(1, 2)−11
+
−60
29
ω
[j]
−2Sij(1, 3)−11,
H
[j]
1 Sij(1, 3) = −12ω0ω[j]−2Sij(1, 1)−11+ 12ω[i]−2Sij(1, 2)−11
− 8ω0ω[i]−1Sij(1, 2)−11+ 24ω0ω[j]−1Sij(1, 2)−11
+ 2ω0ω0ω0Sij(1, 2)−11+ 16ω
[i]
−1Sij(1, 3)−11
− 12ω0ω0Sij(1, 3)−11,
H
[j]
2 Sij(1, 3) =
−37
3
ω
[j]
−2Sij(1, 1)−11+
74
3
ω
[j]
−1Sij(1, 2)−11,
H
[j]
3 Sij(1, 3) = 27Sij(1, 3)−11,
H
[j]
4 Sij(1, 3) = 18Sij(1, 2)−11,
H
[j]
5 Sij(1, 3) = 10Sij(1, 1)−11, (8.10)
ω
[i]
0 Sij(1, 1) = ω0Si1(1, 1)−11− Si1(1, 2)−11,
ω
[i]
1 Sij(1, 1) = Si1(1, 1)−11, (8.11)
ω
[i]
0 Sij(1, 2) = ω0Si1(1, 2)−11− 2Si1(1, 3)−11,
ω
[i]
1 Sij(1, 2) = Si1(1, 2)−11, (8.12)
ω
[i]
0 Sij(1, 3) = ω
[j]
−2Si1(1, 1)−11− 2ω[j]−1Si1(1, 2)−11
+ ω0Si1(1, 3)−11,
ω
[i]
1 Sij(1, 3) = Si1(1, 3)−11, (8.13)
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H
[i]
0 Sij(1, 1) = 2ω
[j]
−2Si1(1, 1)−11+ ω0ω0ω0Si1(1, 1)−11
− 4ω[j]−1Si1(1, 2)−11− 3ω0ω0Si1(1, 2)−11
+ 6ω0Si1(1, 3)−11,
H
[i]
1 Sij(1, 1) = 2ω0ω0Si1(1, 1)−11− 4ω0Si1(1, 2)−11
+ 4Si1(1, 3)−11,
H
[i]
2 Sij(1, 1) =
7
3
ω0Si1(1, 1)−11+
−7
3
Si1(1, 2)−11,
H
[i]
3 Sij(1, 1) = Si1(1, 1)−11, (8.14)
H
[i]
0 Sij(1, 2) = −6ω[i]−2Si1(1, 2)−11+ 4ω0ω[i]−1Si1(1, 2)−11
− 8ω[i]−1Si1(1, 3)−11,
H
[i]
1 Sij(1, 2) = −4ω[j]−2Si1(1, 1)−11+ 8ω[j]−1Si1(1, 2)−11
+ 2ω0ω0Si1(1, 2)−11− 8ω0Si1(1, 3)−11,
H
[i]
2 Sij(1, 2) =
7
3
ω0Si1(1, 2)−11+
−14
3
Si1(1, 3)−11,
H
[i]
3 Sij(1, 2) = Si1(1, 2)−11, (8.15)
H
[i]
0 Sij(1, 3) =
−4
3
H
[i]
−1Si1(1, 2)−11+
16
9
ω
[i]
−3Si1(1, 2)−11
+
−11
3
ω0ω
[i]
−2Si1(1, 2)−11+ 2ω0ω0ω
[i]
−1Si1(1, 2)−11
+
4
3
ω
[i]
−2Si1(1, 3)−11− 4ω0ω[i]−1Si1(1, 3)−11,
H
[i]
1 Sij(1, 3) = −2ω0ω[j]−2Si1(1, 1)−11+ 6ω[i]−2Si1(1, 2)−11
− 4ω0ω[i]−1Si1(1, 2)−11+ 4ω0ω[j]−1Si1(1, 2)−11
+ ω0ω0ω0Si1(1, 2)−11+ 8ω
[i]
−1Si1(1, 3)−11
− 4ω0ω0Si1(1, 3)−11,
H
[i]
2 Sij(1, 3) =
7
3
ω
[j]
−2Si1(1, 1)−11+
−14
3
ω
[j]
−1Si1(1, 2)−11
+
7
3
ω0Si1(1, 3)−11,
H
[i]
3 Sij(1, 3) = Si1(1, 3)−11, (8.16)
vertex algebra associated to an even lattice 105
Sij(1, 1)0Sij(1, 1) = ω0ω
[i]
−11+ ω0ω
[j]
−11,
Sij(1, 1)1Sij(1, 1) = 2ω
[i]
−11+ 2ω
[j]
−11,
Sij(1, 1)2Sij(1, 1) = 0,
Sij(1, 1)3Sij(1, 1) = 1, (8.17)
Sij(1, 1)0Sij(1, 2) = 2H
[i]
−11− 2H [j]−11+ 2ω20ω[i]−11+ ω20ω[j]−11,
Sij(1, 1)1Sij(1, 2) = 2ω0ω
[i]
−11+ ω0ω
[j]
−11,
Sij(1, 1)2Sij(1, 2) = 4ω
[i]
−11,
Sij(1, 1)3Sij(1, 2) = 0,
Sij(1, 1)4Sij(1, 2) = 21, (8.18)
Sij(1, 1)0Sij(1, 3) = 3ω0H
[i]
−11− ω0H [j]−11+ ω30ω[i]−11+ ω30ω[j]−11,
Sij(1, 1)1Sij(1, 3) = 3H
[i]
−11+H
[j]
−11+ ω
2
0ω
[i]
−11+ ω
2
0ω
[j]
−11,
Sij(1, 1)2Sij(1, 3) = 3ω0ω
[i]
−11,
Sij(1, 1)3Sij(1, 3) = 6ω
[i]
−11,
Sij(1, 1)4Sij(1, 3) = 0,
Sij(1, 1)5Sij(1, 3) = 31, (8.19)
Sij(1, 1)0Skj(1, 1) = Ski(1, 2)−11,
Sij(1, 1)1Skj(1, 1) = Ski(1, 1)−11, (8.20)
Sij(1, 1)0Skj(1, 2) = 2Ski(1, 3)−11,
Sij(1, 1)1Skj(1, 2) = 2Ski(1, 2)−11,
Sij(1, 1)2Skj(1, 2) = 2Ski(1, 1)−11, (8.21)
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Sij(1, 1)0Skj(1, 3) = −3ω[k]−1Ski(1, 1)−21+ ω0ω[k]−1Ski(1, 1)−11
+ ω30Ski(1, 1)−11+ 2ω
[k]
−1Ski(1, 2)−11
− 3Ski(1, 2)−31+ 3ω0Ski(1, 3)−11,
Sij(1, 1)1Skj(1, 3) = 3Ski(1, 3)−11,
Sij(1, 1)2Skj(1, 3) = 3Ski(1, 2)−11,
Sij(1, 1)3Skj(1, 3) = 3Ski(1, 1)−11, (8.22)
Sij(1, 1)0Ski(1, 1) = Skj(1, 2)−11,
Sij(1, 1)1Ski(1, 1) = Skj(1, 1)−11, (8.23)
Sij(1, 1)0Ski(1, 2) = 2Skj(1, 3)−11,
Sij(1, 1)1Ski(1, 2) = 2Skj(1, 2)−11,
Sij(1, 1)2Ski(1, 2) = 2Skj(1, 1)−11, (8.24)
Sij(1, 1)0Ski(1, 3) = 3ω
[k]
−2Skj(1, 1)−11− 2ω0ω[k]−1Skj(1, 1)−11
+ ω30Skj(1, 1)−11+ 2ω
[k]
−1Skj(1, 2)−11
− 3ω0Skj(1, 2)−21+ 3ω0Skj(1, 3)−11,
Sij(1, 1)1Ski(1, 3) = 3Skj(1, 3)−11,
Sij(1, 1)2Ski(1, 3) = 3Skj(1, 2)−11,
Sij(1, 1)3Ski(1, 3) = 3Skj(1, 1)−11, (8.25)
Sij(1, 2)0Sij(1, 2) = −3ω0H [i]−11− ω0H [j]−11− ω30ω[i]−11+ ω30ω[j]−11,
Sij(1, 2)1Sij(1, 2) = −6H [i]−11− 2H [j]−11− 2ω20ω[i]−11+ ω20ω[j]−11,
Sij(1, 2)2Sij(1, 2) = −6ω0ω[i]−11,
Sij(1, 2)3Sij(1, 2) = −12ω[i]−11,
Sij(1, 2)4Sij(1, 2) = 0,
Sij(1, 2)5Sij(1, 2) = −61, (8.26)
vertex algebra associated to an even lattice 107
Sij(1, 2)0Sij(1, 3) = −8ω[i]−1H [i]−11− 2ω[i]−2ω[i]−21
+ 2ω
[j]
−2ω
[j]
−21+ 8ω
[j]
−1H
[j]
−11
− 7ω20H [i]−11+ 2ω20ω[i]−1ω[i]−11
− 2ω20ω[j]−1ω[j]−11− 3ω20H [j]−11
− 19ω40ω[i]−11+ 2ω40ω[j]−11,
Sij(1, 2)1Sij(1, 3) = −6ω0H [i]−11− ω0H [j]−11− ω30ω[i]−11+ ω30ω[j]−11,
Sij(1, 2)2Sij(1, 3) = −12H [i]−11− 4ω20ω[i]−11,
Sij(1, 2)3Sij(1, 3) = −12ω0ω[i]−11,
Sij(1, 2)4Sij(1, 3) = −24ω[i]−11,
Sij(1, 2)5Sij(1, 3) = 0,
Sij(1, 2)6Sij(1, 3) = −121, (8.27)
Sij(1, 2)0Skj(1, 1) = −2Ski(1, 3)−11,
Sij(1, 2)1Skj(1, 1) = −2Ski(1, 2)−11,
Sij(1, 2)2Skj(1, 1) = −2Ski(1, 1)−11, (8.28)
Sij(1, 2)0Skj(1, 2) = 6ω
[k]
−1Ski(1, 1)−21− 2ω0ω[k]−1Ski(1, 1)−11
− ω30Ski(1, 1)−11− 4ω[k]−1Ski(1, 2)−11
+ 6Ski(1, 2)−31− 6ω0Ski(1, 3)−11,
Sij(1, 2)1Skj(1, 2) = −6Ski(1, 3)−11,
Sij(1, 2)2Skj(1, 2) = −6Ski(1, 2)−11,
Sij(1, 2)3Skj(1, 2) = −6Ski(1, 1)−11, (8.29)
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Sij(1, 2)0Skj(1, 3) = 16ω
[k]
−1Ski(1, 1)−31− 4H [k]−1Ski(1, 1)−11
+ 44ω0ω
[k]
−1Ski(1, 1)−21+ 2ω0ω
[i]
−2Ski(1, 1)−11
− 16ω20ω[k]−1Ski(1, 1)−11− ω40Ski(1, 1)−11
− 10ω[k]−2Ski(1, 2)−11− 4ω[k]−1Ski(1, 2)−21
+ 2ω0Ski(1, 2)−31− 4ω0ω[i]−1Ski(1, 2)−11,
Sij(1, 2)1Skj(1, 3) = 12ω
[k]
−1Ski(1, 1)−21− 4ω0ω[k]−1Ski(1, 1)−11
− 2ω30Ski(1, 1)−11− 8ω[k]−1Ski(1, 2)−11
+ 12Ski(1, 2)−31− 12ω0Ski(1, 3)−11,
Sij(1, 2)2Skj(1, 3) = −12Ski(1, 3)−11,
Sij(1, 2)3Skj(1, 3) = −12Ski(1, 2)−11,
Sij(1, 2)4Skj(1, 3) = −12Ski(1, 1)−11, (8.30)
Sij(1, 2)0Ski(1, 1) = 2Skj(1, 3)−11,
Sij(1, 2)1Ski(1, 1) = Skj(1, 2)−11, (8.31)
Sij(1, 2)0Ski(1, 2) = 6ω
[k]
−2Skj(1, 1)−11− 4ω0ω[k]−1Skj(1, 1)−11
+ ω30Skj(1, 1)−11+ 4ω
[k]
−1Skj(1, 2)−11
− 3ω0Skj(1, 2)−21+ 6ω0Skj(1, 3)−11,
Sij(1, 2)1Ski(1, 2) = 4Skj(1, 3)−11,
Sij(1, 2)2Ski(1, 2) = 2Skj(1, 2)−11, (8.32)
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Sij(1, 2)0Ski(1, 3) = −16ω[k]−1Skj(1, 1)−31+ 4H [k]−1Skj(1, 1)−11
− 98ω0ω[k]−1Skj(1, 1)−21+ 34ω20ω[k]−1Skj(1, 1)−11
+ 3ω40Skj(1, 1)−11+ 2ω
[k]
−1Skj(1, 2)−21
+ 22ω0ω
[k]
−1Skj(1, 2)−11− 4ω30Skj(1, 2)−11
+ 6ω0Skj(1, 3)−21,
Sij(1, 2)1Ski(1, 3) = 9ω
[k]
−2Skj(1, 1)−11− 6ω0ω[k]−1Skj(1, 1)−11
+ 3ω30Skj(1, 1)−11+ 6ω
[k]
−1Skj(1, 2)−11
− 9ω0Skj(1, 2)−21+ 9ω0Skj(1, 3)−11,
Sij(1, 2)2Ski(1, 3) = 6Skj(1, 3)−11,
Sij(1, 2)3Ski(1, 3) = 3Skj(1, 2)−11, (8.33)
Sij(1, 3)0Sij(1, 3) = 2ω0ω
[i]
−1H
[i]
−11+ 5ω0ω
[i]
−2ω
[i]
−21
+ ω0ω
[j]
−2ω
[j]
−21+ 2ω0ω
[j]
−1H
[j]
−11
+ ω30H
[i]
−11− ω30ω[i]−1ω[i]−11
− ω30ω[j]−1ω[j]−11− 3ω30H [j]−11
+ 7ω50ω
[i]
−11+ ω
5
0ω
[j]
−11,
Sij(1, 3)1Sij(1, 3) = 4ω
[i]
−1H
[i]
−11+ 5ω
[i]
−2ω
[i]
−21
+ ω
[j]
−2ω
[j]
−21+ 4ω
[j]
−1H
[j]
−11
+ 7ω20H
[i]
−11− ω20ω[i]−1ω[i]−11
− ω20ω[j]−1ω[j]−11− 3ω20H [j]−11
+ 19ω40ω
[i]
−11+ ω
4
0ω
[j]
−11,
Sij(1, 3)2Sij(1, 3) = 15ω0H
[i]
−11+ 5ω
3
0ω
[i]
−11,
Sij(1, 3)3Sij(1, 3) = 30H
[i]
−11+ 10ω
2
0ω
[i]
−11,
Sij(1, 3)4Sij(1, 3) = 30ω0ω
[i]
−11,
Sij(1, 3)5Sij(1, 3) = 60ω
[i]
−11,
Sij(1, 3)6Sij(1, 3) = 0,
Sij(1, 3)7Sij(1, 3) = 301, (8.34)
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Sij(1, 3)0Skj(1, 1) = −3ω[k]−1Ski(1, 1)−21+ ω0ω[k]−1Ski(1, 1)−11
+ ω30Ski(1, 1)−11+ 2ω
[k]
−1Ski(1, 2)−11
− 3Ski(1, 2)−31+ 3ω0Ski(1, 3)−11,
Sij(1, 3)1Skj(1, 1) = 3Ski(1, 3)−11,
Sij(1, 3)2Skj(1, 1) = 3Ski(1, 2)−11,
Sij(1, 3)3Skj(1, 1) = 3Ski(1, 1)−11, (8.35)
Sij(1, 3)0Skj(1, 2) = −16ω[k]−1Ski(1, 1)−31+ 4H [k]−1Ski(1, 1)−11
− 44ω0ω[k]−1Ski(1, 1)−21− 2ω0ω[i]−2Ski(1, 1)−11
+ 16ω20ω
[k]
−1Ski(1, 1)−11+ ω
4
0Ski(1, 1)−11
+ 10ω
[k]
−2Ski(1, 2)−11+ 4ω
[k]
−1Ski(1, 2)−21
− 2ω0Ski(1, 2)−31+ 4ω0ω[i]−1Ski(1, 2)−11,
Sij(1, 3)1Skj(1, 2) = −12ω[k]−1Ski(1, 1)−21+ 4ω0ω[k]−1Ski(1, 1)−11
+ 2ω30Ski(1, 1)−11+ 8ω
[k]
−1Ski(1, 2)−11
− 12Ski(1, 2)−31+ 12ω0Ski(1, 3)−11,
Sij(1, 3)2Skj(1, 2) = 12Ski(1, 3)−11,
Sij(1, 3)3Skj(1, 2) = 12Ski(1, 2)−11,
Sij(1, 3)4Skj(1, 2) = 12Ski(1, 1)−11, (8.36)
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Sij(1, 3)0Skj(1, 3) = 30H
[i]
−1Ski(1, 2)−11+ 20ω
[i]
−3Ski(1, 2)−11
− 30ω[i]−2Ski(1, 3)−11,
Sij(1, 3)1Skj(1, 3) = −40ω[k]−1Ski(1, 1)−31+ 10H [k]−1Ski(1, 1)−11
− 110ω0ω[k]−1Ski(1, 1)−21− 5ω0ω[i]−2Ski(1, 1)−11
+ 40ω20ω
[k]
−1Ski(1, 1)−11+ 5ω
4
0Ski(1, 1)−11
+ 25ω
[k]
−2Ski(1, 2)−11+ 10ω
[k]
−1Ski(1, 2)−21
− 5ω0Ski(1, 2)−31+ 10ω0ω[i]−1Ski(1, 2)−11,
Sij(1, 3)2Skj(1, 3) = −30ω[k]−1Ski(1, 1)−21+ 10ω0ω[k]−1Ski(1, 1)−11
+ 5ω30Ski(1, 1)−11+ 20ω
[k]
−1Ski(1, 2)−11
− 30Ski(1, 2)−31+ 30ω0Ski(1, 3)−11,
Sij(1, 3)3Skj(1, 3) = 30Ski(1, 3)−11,
Sij(1, 3)4Skj(1, 3) = 30Ski(1, 2)−11,
Sij(1, 3)5Skj(1, 3) = 30Ski(1, 1)−11, (8.37)
Sij(1, 3)0Ski(1, 1) = 3ω
[k]
−2Skj(1, 1)−11− 2ω0ω[k]−1Skj(1, 1)−11
+ ω30Skj(1, 1)−11+ 2ω
[k]
−1Skj(1, 2)−11
− 3ω0Skj(1, 2)−21+ 3ω0Skj(1, 3)−11,
Sij(1, 3)1Ski(1, 1) = Skj(1, 3)−11, (8.38)
Sij(1, 3)0Ski(1, 2) = −16ω[k]−1Skj(1, 1)−31+ 4H [k]−1Skj(1, 1)−11
− 98ω0ω[k]−1Skj(1, 1)−21+ 34ω20ω[k]−1Skj(1, 1)−11
+ 3ω40Skj(1, 1)−11+ 2ω
[k]
−1Skj(1, 2)−21
+ 22ω0ω
[k]
−1Skj(1, 2)−11− 4ω30Skj(1, 2)−11
+ 6ω0Skj(1, 3)−21,
Sij(1, 3)1Ski(1, 2) = 6ω
[k]
−2Skj(1, 1)−11− 4ω0ω[k]−1Skj(1, 1)−11
+ ω30Skj(1, 1)−11+ 4ω
[k]
−1Skj(1, 2)−11
− 3ω0Skj(1, 2)−21+ 6ω0Skj(1, 3)−11,
Sij(1, 3)2Ski(1, 2) = 2Skj(1, 3)−11, (8.39)
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Sij(1, 3)0Ski(1, 3) = −120ω[k]−1ω[j]−1Skj(1, 1)−21− 300ω[j]−4Skj(1, 1)−11
− 180H [j]−1Skj(1, 1)−21− 60H [j]−2Skj(1, 1)−11
+ 40ω0ω
[k]
−1ω
[j]
−1Skj(1, 1)−11+ 240ω0ω
[j]
−3Skj(1, 1)−11
− 90ω20ω[j]−2Skj(1, 1)−11+ 20ω30ω[j]−1Skj(1, 1)−11
+ 330ω
[k]
−2Skj(1, 2)−21+ 780ω
[k]
−1Skj(1, 2)−31
− 90H [k]−1Skj(1, 2)−11+ 180H [j]−1Skj(1, 2)−11
− 120ω20ω[k]−1Skj(1, 2)−11− 135ω40Skj(1, 2)−11
− 470ω[k]−2Skj(1, 3)−11− 500ω[k]−1Skj(1, 3)−21
+ 750Skj(1, 3)−41,
Sij(1, 3)1Ski(1, 3) = −8ω[k]−1Skj(1, 1)−31+ 2H [k]−1Skj(1, 1)−11
− 49ω0ω[k]−1Skj(1, 1)−21+ 17ω20ω[k]−1Skj(1, 1)−11
+ 9ω40Skj(1, 1)−11+ ω
[k]
−1Skj(1, 2)−21
+ 11ω0ω
[k]
−1Skj(1, 2)−11− 6ω30Skj(1, 2)−11
+ 9ω0Skj(1, 3)−21,
Sij(1, 3)2Ski(1, 3) = 9ω
[k]
−2Skj(1, 1)−11− 6ω0ω[k]−1Skj(1, 1)−11
+ 3ω30Skj(1, 1)−11+ 6ω
[k]
−1Skj(1, 2)−11
− 9ω0Skj(1, 2)−21+ 9ω0Skj(1, 3)−11,
Sij(1, 3)3Ski(1, 3) = 3Skj(1, 3)−11, (8.40)
8.2 The case that 〈α, α〉 6= 0, 1/2, 1, and 2
Let p be a complex number with p 6= 0, 1/2, 1, 2 and α ∈ h such that 〈α,α〉 =
p. Let h[1], . . . , h[d] be an orthonormal basis of h such that 〈α, h[1]〉 6= 0 and
〈α, h[i]〉 = 0 for all i = 2, . . . , d. In the following computation, i, j, k are
distinct elements of {2, . . . , d}.
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H
[1]
0 E =
2p
p− 2ω
[1]
−2E +
−4p
(p− 2)(2p − 1)ω0ω
[1]
−1E +
2
(p− 2)(2p − 1)ω0ω0ω0E,
H
[1]
1 E =
2p
2p− 1ω
[1]
−1E +
−1
2p− 1ω0ω0E,
H
[1]
2 E =
1
3
ω0E, (8.41)
ω
[1]
0 Si1(1, 1)0E =
p
p− 1ω0(Si1(1, 1)0E) +
−p
p− 1Si1(1, 1)−1E,
ω
[1]
1 Si1(1, 1)0E =
p
2
(Si1(1, 1)0E), (8.42)
H
[1]
0 Si1(1, 1)0E =
−2p2
3(p − 1)Si1(1, 1)−3E +
p2
3(p− 1)2ω0Si1(1, 1)−2E
+
−p2
3(p − 1)3ω0ω0Si1(1, 1)−1E +
p
3(p − 1)3ω0ω0ω0(Si1(1, 1)0E)
+
2p2
3(p − 1)Si1(1, 2)−2E +
−p2
3(p − 1)2ω0Si1(1, 2)−1E
+
2p(2p − 3)
3(p− 1) Si1(1, 3)−1E, (8.43)
H
[1]
1 Si1(1, 1)0E =
p
2(p − 1)2ω0ω0(Si1(1, 1)0E) +
p2
2(p− 1)Si1(1, 1)−2E
+
−p2
2(p − 1)2ω0Si1(1, 1)−1E +
p(p− 2)
2(p − 1)Si1(1, 2)−1E,
H
[1]
2 Si1(1, 1)0E =
p
3(p − 1)ω0(Si1(1, 1)0E) +
−p
3(p − 1)Si1(1, 1)−1E, (8.44)
ω
[i]
0 Si1(1, 1)0E =
−1
p− 1ω0(Si1(1, 1)0E) +
p
p− 1Si1(1, 1)−1E,
ω
[i]
1 Si1(1, 1)0E = Si1(1, 1)0E, (8.45)
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H
[i]
0 Si1(1, 1)0E =
−2(p − 3)
p− 1 ω
[i]
−2(Si1(1, 1)0E) +
−4
p− 1ω0ω
[i]
−1(Si1(1, 1)0E)
+
4p
p− 1ω
[i]
−1Si1(1, 1)−1E,
H
[i]
1 Si1(1, 1)0E =
2
(p− 1)2ω0ω0(Si1(1, 1)0E) +
2p
p− 1Si1(1, 1)−2E
+
−2p
(p− 1)2ω0Si1(1, 1)−1E +
−2p
p− 1Si1(1, 2)−1E,
H
[i]
2 Si1(1, 1)0E =
−7
3(p − 1)ω0(Si1(1, 1)0E) +
7p
3(p − 1)Si1(1, 1)−1E,
H
[i]
3 Si1(1, 1)0E = Si1(1, 1)0E, (8.46)
Si1(1, 1)0Si1(1, 1)0E = 2pω
[i]
−1E +
2p
2p − 1ω
[1]
−1E +
−1
2p − 1ω0ω0E,
Si1(1, 1)1Si1(1, 1)0E = ω0E,
Si1(1, 1)2Si1(1, 1)0E = pE, (8.47)
Si1(1, 2)0E =
1
p− 1ω0(Si1(1, 1)0E) +
−p
p− 1Si1(1, 1)−1E,
Si1(1, 2)1E = −Si1(1, 1)0E, (8.48)
Si1(1, 2)0Si1(1, 1)0E = −pω[i]−2E +
2p
p− 2ω
[1]
−2E
+
−4p
(p− 2)(2p − 1)ω0ω
[1]
−1E +
2
(p− 2)(2p − 1)ω0ω0ω0E,
Si1(1, 2)1Si1(1, 1)0E = −2pω[i]−1E +
2p
2p − 1ω
[1]
−1E +
−1
2p − 1ω0ω0E,
Si1(1, 2)2Si1(1, 1)0E = 0,
Si1(1, 2)3Si1(1, 1)0E = −pE, (8.49)
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Si1(1, 3)0E =
1
2(p − 1)2ω0ω0(Si1(1, 1)0E) +
p
2(p − 1)Si1(1, 1)−2E
+
−p
2(p − 1)2ω0Si1(1, 1)−1E +
−p
2(p − 1)Si1(1, 2)−1E,
Si1(1, 3)1E =
−1
p− 1ω0(Si1(1, 1)0E) +
p
p− 1Si1(1, 1)−1E,
Si1(1, 3)2E = Si1(1, 1)0E. (8.50)
Si1(1, 3)0Si1(1, 1)0E
=
−p
(p − 2)(2p − 1)ω
[1]
−1ω
[1]
−1E + pH
[i]
−1E +
2p
3
ω
[i]
−3E
+
16p2 − 14p + 9
6(p − 2)(2p − 1)ω
[1]
−3E +
p
2(p − 2)H
[1]
−1E
+
−(p+ 1)(6p − 5)
2(p − 2)2(2p − 1)ω0ω
[1]
−2E
+
4p− 1
(p− 2)2(2p − 1)ω0ω0ω
[1]
−1E
+
−7
4(p − 2)2(2p − 1)ω0ω0ω0ω0E, (8.51)
Si1(1, 3)1Si1(1, 1)0E = pω
[i]
−2E +
p
p− 2ω
[1]
−2E +
−2p
(p− 2)(2p − 1)ω0ω
[1]
−1E
+
1
(p − 2)(2p − 1)ω0ω0ω0E,
Si1(1, 3)2Si1(1, 1)0E = 2pω
[i]
−1E,
Si1(1, 3)3Si1(1, 1)0E = 0,
Si1(1, 3)4Si1(1, 1)0E = pE, (8.52)
Sk1(1, 1)0Si1(1, 1)0E = pSki(1, 1)−1E, (8.53)
Sk1(1, 2)0E =
−p
p− 1Sk1(1, 1)−1E +
1
p− 1ω0(Sk1(1, 1)0E),
Sk1(1, 2)1E = −(Sk1(1, 1)0E), (8.54)
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Sk1(1, 2)0Si1(1, 1)0E = −pSki(1, 1)−2E + pSki(1, 2)−1E,
Sk1(1, 2)1Si1(1, 1)0E = −pSki(1, 1)−1E, (8.55)
Sk1(1, 3)0E =
p
2(p − 1)Sk1(1, 1)−2E +
−p
2(p − 1)2ω0Sk1(1, 1)−1E
+
1
2(p − 1)2ω0ω0(Sk1(1, 1)0E) +
−p
2(p − 1)Sk1(1, 2)−1E,
Sk1(1, 3)1E =
p
p− 1Sk1(1, 1)−1E +
−1
p− 1ω0(Sk1(1, 1)0E),
Sk1(1, 3)2E = (Sk1(1, 1)0E), (8.56)
Sk1(1, 3)0Si1(1, 1)0E = pSki(1, 1)−3E − pSki(1, 2)−2E + pSki(1, 3)−1E,
Sk1(1, 3)1Si1(1, 1)0E = pSki(1, 1)−2E − pSki(1, 2)−1E,
Sk1(1, 3)2Si1(1, 1)0E = pSki(1, 1)−1E, (8.57)
Ski(1, 1)0Si1(1, 1)0E =
p
p− 1Sk1(1, 1)−1E +
−1
p− 1ω0(Sk1(1, 1)0E),
Ski(1, 1)1Si1(1, 1)0E = (Sk1(1, 1)0E), (8.58)
Ski(1, 2)0Si1(1, 1)0E =
−p
p− 1Sk1(1, 1)−2E +
p
(p − 1)2ω0Sk1(1, 1)−1E
+
−1
(p − 1)2ω0ω0(Sk1(1, 1)0E) +
p
p− 1Sk1(1, 2)−1E,
Ski(1, 2)1Si1(1, 1)0E =
−2p
p− 1Sk1(1, 1)−1E +
2
p− 1ω0(Sk1(1, 1)0E),
Ski(1, 2)2Si1(1, 1)0E = −2(Sk1(1, 1)0E), (8.59)
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Ski(1, 3)0Si1(1, 1)0E =
−(p− 3)
p− 1 ω
[k]
−2(Sk1(1, 1)0E) +
2p
p− 1ω
[k]
−1Sk1(1, 1)−1E
+
−2
p− 1ω0ω
[k]
−1(Sk1(1, 1)0E),
Ski(1, 3)1Si1(1, 1)0E =
3p
2(p − 1)Sk1(1, 1)−2E +
−3p
2(p − 1)2ω0Sk1(1, 1)−1E
+
3
2(p − 1)2ω0ω0(Sk1(1, 1)0E) +
−3p
2(p − 1)Sk1(1, 2)−1E,
Ski(1, 3)2Si1(1, 1)0E =
3p
p− 1Sk1(1, 1)−1E +
−3
p− 1ω0(Sk1(1, 1)0E),
Ski(1, 3)3Si1(1, 1)0E = 3(Sk1(1, 1)0E). (8.60)
8.3 The case that 〈α, α〉 = 2
Let α ∈ h with 〈α,α〉 = 2. Let h[1], . . . , h[d] be an orthonormal basis of h such
that α ∈ Ch[1]. In the following computation, i, j, k are distinct elements of
{2, . . . , d}.
ω
[1]
0 H
[1]
0 E = ω0(H
[1]
0 E), ω
[1]
1 H
[1]
0 E = 4(H
[1]
0 E),
ω
[1]
2 H
[1]
0 E = 8ω
[1]
−1E − 2ω0ω0E, ω[1]3 H [1]0 E = 6ω0E,
ω
[1]
4 H
[1]
0 E = 12E, (8.61)
H
[1]
0 E = H
[1]
0 E,
H
[1]
1 E =
4
3
ω
[1]
−1E +
−1
3
ω0ω0E,
H
[1]
2 E =
1
3
ω0E, (8.62)
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H
[1]
0 H
[1]
0 E =
4096
5145
ω
[1]
−1ω
[1]
−1ω
[1]
−1E +
210412
46305
ω
[1]
−2(H
[1]
0 E)
+
18944
5145
ω
[1]
−1H
[1]
−1E +
−124504
15435
H
[1]
−3E
+
5888
36015
ω0ω
[1]
−1(H
[1]
0 E) +
3032168
324135
ω0H
[1]
−2E
+
−42680128
72930375
ω0ω0ω
[1]
−1ω
[1]
−1E +
−42960376
24310125
ω0ω0H
[1]
−1E
+
−4044646
24310125
ω0ω0ω0(H
[1]
0 E) +
32226464
218791125
ω0ω0ω0ω0ω
[1]
−1E
+
−2775692
218791125
ω0ω0ω0ω0ω0ω0E, (8.63)
H
[1]
1 H
[1]
0 E =
36
7
ω
[1]
−1(H
[1]
0 E) +
80
7
H
[1]
−2E
+
1088
1575
ω0ω
[1]
−1ω
[1]
−1E +
1496
525
ω0H
[1]
−1E
+
−709
525
ω0ω0(H
[1]
0 E) +
−544
4725
ω0ω0ω0ω
[1]
−1E
+
−68
4725
ω0ω0ω0ω0ω0E,
H
[1]
2 H
[1]
0 E =
128
25
ω
[1]
−1ω
[1]
−1E +
528
25
H
[1]
−1E
+
−11
75
ω0(H
[1]
0 E) +
−64
75
ω0ω0ω
[1]
−1E
+
−8
75
ω0ω0ω0ω0E,
H
[1]
3 H
[1]
0 E = 27(H
[1]
0 E),
H
[1]
4 H
[1]
0 E = 48ω
[1]
−1E − 12ω0ω0E,
H
[1]
5 H
[1]
0 E = 20ω0E, (8.64)
ω
[1]
0 Si1(1, 1)0E = −2Si1(1, 1)−1E + 2ω0(Si1(1, 1)0E),
ω
[1]
1 Si1(1, 1)0E = Si1(1, 1)0E, (8.65)
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H
[1]
0 Si1(1, 1)0E =
40
21
Si1(1, 1)−3E +
−32
21
ω
[1]
−1Si1(1, 1)−1E
+
−4
7
ω0Si1(1, 1)−2E +
−4
21
ω0ω
[1]
−1(Si1(1, 1)0E)
+
5
21
ω0ω0ω0(Si1(1, 1)0E) +
26
21
ω0Si1(1, 2)−1E
+
44
21
Si1(1, 3)−1E,
H
[1]
1 Si1(1, 1)0E = 2Si1(1, 1)−2E − 2ω0Si1(1, 1)−1E + ω0ω0(Si1(1, 1)0E),
H
[1]
2 Si1(1, 1)0E =
−2
3
Si1(1, 1)−1E +
2
3
ω0(Si1(1, 1)0E), (8.66)
ω
[i]
0 Si1(1, 1)0E = 2Si1(1, 1)−1E − ω0(Si1(1, 1)0E),
ω
[i]
1 Si1(1, 1)0E = Si1(1, 1)0E, (8.67)
H
[i]
0 Si1(1, 1)0E =
−20
7
Si1(1, 1)−3E +
16
7
ω
[1]
−1Si1(1, 1)−1E
+
6
7
ω0Si1(1, 1)−2E +
2
7
ω0ω
[1]
−1(Si1(1, 1)0E)
+
−5
14
ω0ω0ω0(Si1(1, 1)0E) +
−13
7
ω0Si1(1, 2)−1E
+
20
7
Si1(1, 3)−1E,
H
[i]
1 Si1(1, 1)0E = 4Si1(1, 1)−2E − 4ω0Si1(1, 1)−1E
+ 2ω0ω0(Si1(1, 1)0E)− 4Si1(1, 2)−1E,
H
[i]
2 Si1(1, 1)0E =
14
3
Si1(1, 1)−1E +
−7
3
ω0(Si1(1, 1)0E),
H
[i]
3 Si1(1, 1)0E = Si1(1, 1)0E, (8.68)
Si1(1, 1)0Si1(1, 1)0E = 4ω
[i]
−1E +
4
3
ω
[1]
−1E +
−1
3
ω0ω0E,
Si1(1, 1)1Si1(1, 1)0E = ω0E,
Si1(1, 1)2Si1(1, 1)0E = 2E, (8.69)
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Si1(1, 1)0H
[1]
0 E =
−20
21
Si1(1, 1)−3E +
16
21
ω
[1]
−1Si1(1, 1)−1E
+
2
7
ω0Si1(1, 1)−2E +
2
21
ω0ω
[1]
−1(Si1(1, 1)0E)
+
−5
42
ω0ω0ω0(Si1(1, 1)0E) +
−13
21
ω0Si1(1, 2)−1E
+
104
21
Si1(1, 3)−1E,
Si1(1, 1)1H
[1]
0 E = 6Si1(1, 1)−2E − 6ω0Si1(1, 1)−1E
+ 3ω0ω0(Si1(1, 1)0E)− 6Si1(1, 2)−1E,
Si1(1, 1)2H
[1]
0 E = 12Si1(1, 1)−1E − 6ω0(Si1(1, 1)0E),
Si1(1, 1)3H
[1]
0 E = 6(Si1(1, 1)0E), (8.70)
Si1(1, 2)0E = −2Si1(1, 1)−1E + ω0(Si1(1, 1)0E),
Si1(1, 2)1E = −Si1(1, 1)0E, (8.71)
Si1(1, 2)0Si1(1, 1)0E = −2ω[i]−2E + (H0E),
Si1(1, 2)1Si1(1, 1)0E = −4ω[i]−1E +
4
3
ω
[1]
−1E +
−1
3
ω0ω0E,
Si1(1, 2)2Si1(1, 1)0E = 0,
Si1(1, 2)3Si1(1, 1)0E = −2E, (8.72)
Si1(1, 2)0H
[1]
0 E = 12Si1(1, 1)−4E +
−80
9
ω
[i]
−2Si1(1, 1)−1E
+
−484
27
ω
[i]
−3(Si1(1, 1)0E) +
−80
9
H
[i]
−1(Si1(1, 1)0E)
+ 8ω
[i]
−1ω
[1]
−1(Si1(1, 1)0E) +
94
9
ω0ω
[i]
−2(Si1(1, 1)0E)
− 2ω0ω0ω[i]−1(Si1(1, 1)0E)− 12Si1(1, 2)−3E
− 12ω[i]−1Si1(1, 2)−1E + 8Si1(1, 3)−2E, (8.73)
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Si1(1, 2)1H
[1]
0 E =
200
21
Si1(1, 1)−3E +
−160
21
ω
[1]
−1Si1(1, 1)−1E
+
−20
7
ω0Si1(1, 1)−2E +
−20
21
ω0ω
[1]
−1(Si1(1, 1)0E)
+
25
21
ω0ω0ω0(Si1(1, 1)0E) +
130
21
ω0Si1(1, 2)−1E
+
−284
21
Si1(1, 3)−1E,
Si1(1, 2)2H
[1]
0 E = −24Si1(1, 1)−2E + 24ω0Si1(1, 1)−1E
− 12ω0ω0(Si1(1, 1)0E) + 24Si1(1, 2)−1E,
Si1(1, 2)3H
[1]
0 E = −48Si1(1, 1)−1E
+ 24ω0(Si1(1, 1)0E),
Si1(1, 2)4H
[1]
0 E = −24(Si1(1, 1)0E), (8.74)
Si1(1, 3)0E = Si1(1, 1)−2E − ω0Si1(1, 1)−1E
+
1
2
ω0ω0(Si1(1, 1)0E)− Si1(1, 2)−1E,
Si1(1, 3)1E = 2Si1(1, 1)−1E − ω0(Si1(1, 1)0E),
Si1(1, 3)2E = Si1(1, 1)0E, (8.75)
Si1(1, 3)0Si1(1, 1)0E =
4
3
ω
[i]
−3E + 2H
[i]
−1E +
16
75
ω
[1]
−1ω
[1]
−1E +
22
25
H
[1]
−1E
+
−1
50
ω0(H0E) +
−8
225
ω0ω0ω
[1]
−1E
+
−1
225
ω0ω0ω0ω0E,
Si1(1, 3)1Si1(1, 1)0E = 2ω
[i]
−2E +
1
2
(H0E),
Si1(1, 3)2Si1(1, 1)0E = 4ω
[i]
−1E,
Si1(1, 3)3Si1(1, 1)0E = 0,
Si1(1, 3)4Si1(1, 1)0E = 2E, (8.76)
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Si1(1, 3)0H
[1]
0 E =
1732
213
Si1(1, 1)−5E +
−1856
781
ω
[i]
−4(Si1(1, 1)0E)
+
49860
10153
H
[i]
−1Si1(1, 1)−1E +
1856
781
H
[i]
−2(Si1(1, 1)0E)
+
−8
213
ω
[1]
−1Si1(1, 1)−3E +
16620
10153
ω
[i]
−2ω
[1]
−1(Si1(1, 1)0E)
+
836
213
ω
[i]
−1ω
[1]
−2(Si1(1, 1)0E) +
−32
213
ω
[1]
−3Si1(1, 1)−1E
+
−28
71
H
[1]
−1Si1(1, 1)−1E
+
46
71
ω0Si1(1, 1)−4E
+
123554
91377
ω0ω
[i]
−2Si1(1, 1)−1E
+
235819
274131
ω0ω
[i]
−3(Si1(1, 1)0E)
+
−429718
91377
ω0H
[i]
−1(Si1(1, 1)0E)
+
130
213
ω0ω
[i]
−1ω
[1]
−1(Si1(1, 1)0E)
+
1
71
ω0ω
[1]
−2Si1(1, 1)−1E
+
−1
213
ω0ω0Si1(1, 1)−3E
+
−114689
182754
ω0ω0ω
[i]
−2(Si1(1, 1)0E)
+
−65
426
ω0ω0ω0ω
[i]
−1(Si1(1, 1)0E)
+
−460
213
Si1(1, 2)−4E
+
34844
10153
ω
[i]
−2Si1(1, 2)−1E
+
−49
71
ω0Si1(1, 2)−3E
+
−1031
213
ω0ω
[i]
−1Si1(1, 2)−1E
+
−2
71
ω0ω
[1]
−1Si1(1, 2)−1E
+
49
71
ω0Si1(1, 3)−2E
+
10
71
ω0ω0Si1(1, 3)−1E, (8.77)
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Si1(1, 3)1H
[1]
0 E = −12Si1(1, 1)−4E +
116
9
ω
[i]
−2Si1(1, 1)−1E
+
556
27
ω
[i]
−3(Si1(1, 1)0E) +
116
9
H
[i]
−1(Si1(1, 1)0E)
− 8ω[i]−1ω[1]−1(Si1(1, 1)0E) +
−112
9
ω0ω
[i]
−2(Si1(1, 1)0E)
+ 2ω0ω0ω
[i]
−1(Si1(1, 1)0E) + 12Si1(1, 2)−3E
+ 12ω
[i]
−1Si1(1, 2)−1E − 8Si1(1, 3)−2E,
Si1(1, 3)2H
[1]
0 E =
−80
3
Si1(1, 1)−3E +
64
3
ω
[1]
−1Si1(1, 1)−1E
+ 8ω0Si1(1, 1)−2E +
8
3
ω0ω
[1]
−1(Si1(1, 1)0E)
+
−10
3
ω0ω0ω0(Si1(1, 1)0E) +
−52
3
ω0Si1(1, 2)−1E
+
92
3
Si1(1, 3)−1E,
Si1(1, 3)3H
[1]
0 E = 60Si1(1, 1)−2E − 60ω0Si1(1, 1)−1E
+ 30ω0ω0(Si1(1, 1)0E)− 60Si1(1, 2)−1E,
Si1(1, 3)4H
[1]
0 E = 120Si1(1, 1)−1E − 60ω0(Si1(1, 1)0E),
Si1(1, 3)5H
[1]
0 E = 60(Si1(1, 1)0E), (8.78)
Sk1(1, 1)0E = (Sk1(1, 1)0E), (8.79)
Sk1(1, 1)0Si1(1, 1)0E = 2Ski(1, 1)−1E, (8.80)
Sk1(1, 1)0H
[1]
0 E =
2
3
ω
[k]
−2(Sk1(1, 1)0E) +
8
3
ω
[k]
−1Sk1(1, 1)−1E
+
−4
3
ω0ω
[k]
−1(Sk1(1, 1)0E) + 4Sk1(1, 3)−1E,
Sk1(1, 1)1H
[1]
0 E = 3ω
[1]
−1(Sk1(1, 1)0E) + 3ω0Sk1(1, 1)−1E
+
−9
4
ω0ω0(Sk1(1, 1)0E) +
−9
2
Sk1(1, 2)−1E,
Sk1(1, 1)2H
[1]
0 E = 12Sk1(1, 1)−1E − 6ω0(Sk1(1, 1)0E),
Sk1(1, 1)3H
[1]
0 E = 6(Sk1(1, 1)0E), (8.81)
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Sk1(1, 2)0E = −2Sk1(1, 1)−1E + ω0(Sk1(1, 1)0E),
Sk1(1, 2)1E = −(Sk1(1, 1)0E), (8.82)
Sk1(1, 2)0Si1(1, 1)0E = −2Ski(1, 1)−2E + 2Ski(1, 2)−1E,
Sk1(1, 2)1Si1(1, 1)0E = −2Ski(1, 1)−1E, (8.83)
Sk1(1, 3)0Si1(1, 1)0E = 2Ski(1, 1)−3E − 2Ski(1, 2)−2E
+ 2Ski(1, 3)−1E, (8.84)
Sk1(1, 3)1Si1(1, 1)0E = 2Ski(1, 1)−2E − 2Ski(1, 2)−1E,
Sk1(1, 3)2Si1(1, 1)0E = 2Ski(1, 1)−1E, (8.85)
Ski(1, 1)0Si1(1, 1)0E = 2Sk1(1, 1)−1E − ω0(Sk1(1, 1)0E), (8.86)
Ski(1, 1)1Si1(1, 1)0E = (Sk1(1, 1)0E), (8.87)
Ski(1, 2)0Si1(1, 1)0E = −ω[1]−1(Sk1(1, 1)0E)− ω0Sk1(1, 1)−1E
+
3
4
ω0ω0(Sk1(1, 1)0E) +
3
2
Sk1(1, 2)−1E, (8.88)
Ski(1, 2)1Si1(1, 1)0E = −4Sk1(1, 1)−1E + 2ω0(Sk1(1, 1)0E),
Ski(1, 2)2Si1(1, 1)0E = −2(Sk1(1, 1)0E), (8.89)
Ski(1, 3)0Si1(1, 1)0E = ω
[k]
−2(Sk1(1, 1)0E) + 4ω
[k]
−1Sk1(1, 1)−1E
− 2ω0ω[k]−1(Sk1(1, 1)0E), (8.90)
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Ski(1, 3)1Si1(1, 1)0E =
3
2
ω
[1]
−1(Sk1(1, 1)0E) +
3
2
ω0Sk1(1, 1)−1E
+
−9
8
ω0ω0(Sk1(1, 1)0E) +
−9
4
Sk1(1, 2)−1E,
Ski(1, 3)2Si1(1, 1)0E = 6Sk1(1, 1)−1E − 3ω0(Sk1(1, 1)0E), (8.91)
8.4 The case that 〈α, α〉 = 1/2
Let α ∈ h with 〈α,α〉 = 1/2. Let h[1], . . . , h[d] be an orthonormal basis
of h such that α ∈ Ch[1]. In the following computation, i, j, k are distinct
elements of {2, . . . , d}.
ω
[1]
0 E = ω0E, ω
[1]
1 E =
1
4
E, (8.92)
ω
[1]
0 Si1(1, 1)0E = Si1(1, 1)−1E − ω0(Si1(1, 1)0E),
ω
[1]
1 Si1(1, 1)0E =
1
4
(Si1(1, 1)0E), (8.93)
ω
[1]
0 H
[1]
1 E = ω0(H
[1]
1 E), ω
[1]
1 H
[1]
1 E =
9
4
(H
[1]
1 E),
ω
[1]
2 H
[1]
1 E = 2ω0E, ω
[1]
3 H
[1]
1 E = E, (8.94)
H
[1]
0 E =
−2
3
ω
[1]
−2E +
4
3
ω0(H
[1]
1 E),
H
[1]
1 E = (H
[1]
1 E),
H
[1]
2 E =
1
3
ω0E, (8.95)
H
[1]
0 Si1(1, 1)0E = −2Si1(1, 1)−3E +
8
3
ω
[i]
−1Si1(1, 1)−1E
+
20
3
ω
[i]
−2(Si1(1, 1)0E) + ω
[1]
−1Si1(1, 1)−1E
+ 5ω0Si1(1, 1)−2E +
−16
3
ω0ω
[i]
−1(Si1(1, 1)0E)
+ 4ω0ω
[1]
−1(Si1(1, 1)0E)− 3ω0ω0Si1(1, 1)−1E
− 3ω0Si1(1, 2)−1E, (8.96)
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H
[1]
1 Si1(1, 1)0E =
−1
4
Si1(1, 1)−2E +
−1
2
ω0Si1(1, 1)−1E
+ ω0ω0(Si1(1, 1)0E) +
3
4
Si1(1, 2)−1E,
H
[1]
2 Si1(1, 1)0E =
1
3
Si1(1, 1)−1E +
−1
3
ω0(Si1(1, 1)0E), (8.97)
H
[1]
0 H
[1]
1 E =
−172
25
H
[1]
−2E +
42
25
ω
[1]
−2(H
[1]
1 E)
+
126
25
ω0H
[1]
−1E +
22
25
ω0ω
[1]
−1(H
[1]
1 E)
+
−4
75
ω0ω0ω
[1]
−2E +
−58
75
ω0ω0ω0(H
[1]
1 E), (8.98)
H
[1]
1 H
[1]
1 E =
−3
2
H
[1]
−1E +
5
2
ω
[1]
−1(H
[1]
1 E)
+
−11
3
ω0ω
[1]
−2E +
29
6
ω0ω0(H
[1]
1 E),
H
[1]
2 H
[1]
1 E = −4ω[1]−2E +
25
3
ω0(H
[1]
1 E),
H
[1]
3 H
[1]
1 E = 8(H
[1]
1 E),
H
[1]
4 H
[1]
1 E = 4ω0E,
H
[1]
5 H
[1]
1 E =
1
3
E, (8.99)
ω
[i]
0 Si1(1, 1)0E = −Si1(1, 1)−1E + 2ω0(Si1(1, 1)0E),
ω
[i]
1 Si1(1, 1)0E = (Si1(1, 1)0E), (8.100)
H
[i]
0 Si1(1, 1)0E = −4ω[i]−1Si1(1, 1)−1E − 10ω[i]−2(Si1(1, 1)0E)
+ 8ω0ω
[i]
−1(Si1(1, 1)0E), (8.101)
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H
[i]
1 Si1(1, 1)0E = −2Si1(1, 1)−2E − 4ω0Si1(1, 1)−1E
+ 8ω0ω0(Si1(1, 1)0E) + 2Si1(1, 2)−1E,
H
[i]
2 Si1(1, 1)0E =
−7
3
Si1(1, 1)−1E +
14
3
ω0(Si1(1, 1)0E),
H
[i]
3 Si1(1, 1)0E = (Si1(1, 1)0E), (8.102)
Si1(1, 1)0E = (Si1(1, 1)0E), (8.103)
Si1(1, 1)0Si1(1, 1)0E = ω
[i]
−1E + (H
[1]
1 E),
Si1(1, 1)1Si1(1, 1)0E = ω0E,
Si1(1, 1)2Si1(1, 1)0E =
1
2
E, (8.104)
Si1(1, 1)0H
[1]
1 E =
−5
4
Si1(1, 1)−2E +
−5
2
ω0Si1(1, 1)−1E
+ 5ω0ω0(Si1(1, 1)0E) +
7
4
Si1(1, 2)−1E,
Si1(1, 1)1H
[1]
1 E = −2Si1(1, 1)−1E + 4ω0(Si1(1, 1)0E),
Si1(1, 1)2H
[1]
1 E = 2(Si1(1, 1)0E), (8.105)
Si1(1, 2)0E = Si1(1, 1)−1E − 2ω0(Si1(1, 1)0E),
Si1(1, 2)1E = −(Si1(1, 1)0E), (8.106)
Si1(1, 2)0Si1(1, 1)0E =
−1
2
ω
[i]
−2E +
−2
3
ω
[1]
−2E +
4
3
ω0(H
[1]
1 E), (8.107)
Si1(1, 2)1Si1(1, 1)0E = −ω[i]−1E + (H [1]1 E),
Si1(1, 2)2Si1(1, 1)0E = 0,
Si1(1, 2)3Si1(1, 1)0E =
−1
2
E, (8.108)
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Si1(1, 2)0H
[1]
1 E =
−3
2
Si1(1, 1)−3E + 7ω
[i]
−1Si1(1, 1)−1E
+
35
2
ω
[i]
−2(Si1(1, 1)0E) +
1
2
ω
[1]
−1Si1(1, 1)−1E
+ 4ω0Si1(1, 1)−2E − 14ω0ω[i]−1(Si1(1, 1)0E)
+ 4ω0ω
[1]
−1(Si1(1, 1)0E) +
−5
2
ω0ω0Si1(1, 1)−1E
− 3ω0Si1(1, 2)−1E, (8.109)
Si1(1, 2)1H
[1]
1 E =
13
4
Si1(1, 1)−2E +
13
2
ω0Si1(1, 1)−1E
− 13ω0ω0(Si1(1, 1)0E) + −15
4
Si1(1, 2)−1E,
Si1(1, 2)2H
[1]
1 E = 6Si1(1, 1)−1E − 12ω0(Si1(1, 1)0E),
Si1(1, 2)3H
[1]
1 E = −6(Si1(1, 1)0E), (8.110)
Si1(1, 3)0E =
−1
2
Si1(1, 1)−2E − ω0Si1(1, 1)−1E
+ 2ω0ω0(Si1(1, 1)0E) +
1
2
Si1(1, 2)−1E, (8.111)
Si1(1, 3)1E = −Si1(1, 1)−1E + 2ω0(Si1(1, 1)0E),
Si1(1, 3)2E = (Si1(1, 1)0E), (8.112)
Si1(1, 3)0Si1(1, 1)0E =
1
2
H
[i]
−1E +
1
6
ω
[i]
−1ω
[1]
−1E +
3
8
ω
[1]
−1(H
[1]
1 E) +
1
3
ω0ω
[i]
−2E
+
−1
2
ω0ω
[1]
−2E +
−1
6
ω0ω0ω
[i]
−1E
+
5
8
ω0ω0(H
[1]
1 E), (8.113)
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Si1(1, 3)1Si1(1, 1)0E =
1
2
ω
[i]
−2E +
−1
3
ω
[1]
−2E +
2
3
ω0(H
[1]
1 E),
Si1(1, 3)2Si1(1, 1)0E = ω
[i]
−1E,
Si1(1, 3)3Si1(1, 1)0E = 0,
Si1(1, 3)4Si1(1, 1)0E =
1
2
E, (8.114)
Si1(1, 3)0H
[1]
1 E = 6Si1(1, 1)−4E +
−3
4
ω
[1]
−1Si1(1, 1)−2E
+
7
4
ω
[1]
−2Si1(1, 1)−1E +
19
4
ω
[1]
−3(Si1(1, 1)0E)
+
9
8
ω
[1]
−1ω
[1]
−1(Si1(1, 1)0E) +
−145
3
ω0ω
[i]
−1Si1(1, 1)−1E
+
−725
6
ω0ω
[i]
−2(Si1(1, 1)0E) +
−65
4
ω0Si1(1, 1)−1(H
[1]
1 E)
+ 3ω0ω0Si1(1, 1)−2E +
290
3
ω0ω0ω
[i]
−1(Si1(1, 1)0E)
+
−9
8
ω0ω0ω0ω0(Si1(1, 1)0E) +
−83
8
ω0Si1(1, 2)−2E
+
51
4
ω0ω0Si1(1, 2)−1E +
−103
8
ω0Si1(1, 3)−1E, (8.115)
Si1(1, 3)1H
[1]
1 E =
3
2
Si1(1, 1)−3E − 11ω[i]−1Si1(1, 1)−1E
+
−55
2
ω
[i]
−2(Si1(1, 1)0E) +
−1
2
ω
[1]
−1Si1(1, 1)−1E
− 4ω0Si1(1, 1)−2E + 22ω0ω[i]−1(Si1(1, 1)0E)
− 4ω0ω[1]−1(Si1(1, 1)0E) +
5
2
ω0ω0Si1(1, 1)−1E
+ 3ω0Si1(1, 2)−1E,
Si1(1, 3)2H
[1]
1 E =
−25
4
Si1(1, 1)−2E +
−25
2
ω0Si1(1, 1)−1E
+ 25ω0ω0(Si1(1, 1)0E) +
27
4
Si1(1, 2)−1E,
Si1(1, 3)3H
[1]
1 E = −12Si1(1, 1)−1E + 24ω0(Si1(1, 1)0E),
Si1(1, 3)4H
[1]
1 E = 12(Si1(1, 1)0E), (8.116)
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Sk1(1, 1)0Si1(1, 1)0E =
1
2
Ski(1, 1)−1E, (8.117)
Sk1(1, 2)0Si1(1, 1)0E =
−1
2
Ski(1, 1)−2E +
1
2
Ski(1, 2)−1E,
Sk1(1, 2)1Si1(1, 1)0E =
−1
2
Ski(1, 1)−1E, (8.118)
Sk1(1, 3)0Si1(1, 1)0E =
1
2
Ski(1, 1)−3E +
−1
2
Ski(1, 2)−2E
+
1
2
Ski(1, 3)−1E,
Sk1(1, 3)1Si1(1, 1)0E =
1
2
Ski(1, 1)−2E +
−1
2
Ski(1, 2)−1E,
Sk1(1, 3)2Si1(1, 1)0E =
1
2
Ski(1, 1)−1E, (8.119)
Ski(1, 1)0Si1(1, 1)0E = −Sk1(1, 1)−1E + 2ω0(Sk1(1, 1)0E),
Ski(1, 1)1Si1(1, 1)0E = (Sk1(1, 1)0E), (8.120)
Ski(1, 2)0Si1(1, 1)0E = −1ω[1]−1(Sk1(1, 1)0E) + 2ω0Sk1(1, 1)−1E
− 3ω0ω0(Sk1(1, 1)0E),
Ski(1, 2)1Si1(1, 1)0E = 2Sk1(1, 1)−1E − 4ω0(Sk1(1, 1)0E),
Ski(1, 2)2Si1(1, 1)0E = −2(Sk1(1, 1)0E), (8.121)
Ski(1, 3)0Si1(1, 1)0E =
−3
8
Sk1(1, 1)−3E +
3
4
Sk1(1, 1)−1(H
[1]
1 E)
+
3
4
Sk1(1, 2)−2E +
−3
4
ω0Sk1(1, 2)−1E
+
3
8
Sk1(1, 3)−1E,
Ski(1, 3)1Si1(1, 1)0E =
3
2
ω
[1]
−1(Sk1(1, 1)0E)− 3ω0Sk1(1, 1)−1E
+
9
2
ω0ω0(Sk1(1, 1)0E),
Ski(1, 3)2Si1(1, 1)0E = −3Sk1(1, 1)−1E + 6ω0(Sk1(1, 1)0E), (8.122)
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8.5 The case that 〈α, α〉 = 1
Let α ∈ h with 〈α,α〉 = 1. Let h[1], . . . , h[d] be an orthonormal basis of h such
that α ∈ Ch[1]. In the following computation, i, j, k are distinct elements of
{2, . . . , d}.
ω
[1]
0 E = ω0E, ω
[1]
1 E =
1
2
E, (8.123)
ω
[1]
0 Si1(1, 1)0E = Si1(1, 1)−1E + (Si1(1, 2)0E),
ω
[1]
1 Si1(1, 1)0E =
1
2
(Si1(1, 1)0E), (8.124)
ω
[1]
0 Si1(1, 2)0E =
−2
3
Si1(1, 1)−2E +
4
3
ω
[1]
−1(Si1(1, 1)0E)
+
−2
3
ω0Si1(1, 1)−1E − ω0(Si1(1, 2)0E),
ω
[1]
1 Si1(1, 2)0E =
1
2
(Si1(1, 2)0E), (8.125)
ω
[1]
0 Sk1(1, 1)0E = Sk1(1, 1)−1E + (Sk1(1, 2)0E),
ω
[1]
1 Sk1(1, 1)0E =
1
2
(Sk1(1, 1)0E), (8.126)
ω
[1]
0 Sk1(1, 2)0E =
4
3
ω
[1]
−1(Sk1(1, 1)0E) +
−2
3
ω0Sk1(1, 1)−1E
+
−2
3
Sk1(1, 2)−1E +
−1
3
ω0(Sk1(1, 2)0E),
ω
[1]
1 Sk1(1, 2)0E =
1
2
(Sk1(1, 2)0E), (8.127)
H
[1]
0 E = −2ω[1]−2E + 4ω0ω[1]−1E − 2ω0ω0ω0E,
H
[1]
1 E = 2ω
[1]
−1E − ω0ω0E,
H
[1]
2 E =
1
3
ω0E, (8.128)
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H
[1]
0 Si1(1, 1)0E =
2
3
ω
[i]
−2(Si1(1, 1)0E) +
4
3
ω
[i]
−1(Si1(1, 2)0E)
+ 2Si1(1, 3)−1E,
H
[1]
1 Si1(1, 1)0E =
2
3
Si1(1, 1)−2E +
2
3
ω
[1]
−1(Si1(1, 1)0E)
+
−1
3
ω0Si1(1, 1)−1E,
H
[1]
2 Si1(1, 1)0E =
1
3
Si1(1, 1)−1E +
1
3
(Si1(1, 2)0E), (8.129)
H
[1]
0 Si1(1, 2)0E =
2
87
ω
[1]
−1Si1(1, 1)−2E + ω
[1]
−3(Si1(1, 1)0E)
+
2
87
ω
[1]
−1ω
[1]
−1(Si1(1, 1)0E) +
43
29
H
[1]
−1(Si1(1, 1)0E)
+
−16
29
ω0ω
[i]
−2(Si1(1, 1)0E) +
−1
87
ω0ω
[1]
−1Si1(1, 1)−1E
+
−1
174
ω0ω
[1]
−2(Si1(1, 1)0E) +
−2
29
ω
[1]
−1Si1(1, 2)−1E
+
−3
58
ω0Si1(1, 2)−2E +
−32
29
ω0ω
[i]
−1(Si1(1, 2)0E)
+
1
29
ω0ω0Si1(1, 2)−1E +
−12
29
Si1(1, 3)−2E
+
−3
2
ω0Si1(1, 3)−1E,
H
[1]
1 Si1(1, 2)0E =
−1
2
Si1(1, 1)−3E +
2
3
ω
[i]
−2(Si1(1, 1)0E)
+
−1
2
ω
[1]
−1Si1(1, 1)−1E +
−1
2
ω0Si1(1, 1)−2E
+
1
2
ω0ω
[1]
−1(Si1(1, 1)0E) +
4
3
ω
[i]
−1(Si1(1, 2)0E)
+
−1
2
ω0ω0(Si1(1, 2)0E) + Si1(1, 3)−1E,
H
[1]
2 Si1(1, 2)0E =
−2
9
Si1(1, 1)−2E +
4
9
ω
[1]
−1(Si1(1, 1)0E)
+
−2
9
ω0Si1(1, 1)−1E +
−1
3
ω0(Si1(1, 2)0E), (8.130)
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H
[1]
0 Sk1(1, 1)0E = −8ω[1]−2(Sk1(1, 1)0E) + 2ω0Sk1(1, 1)−2E
− 6Sk1(1, 2)−2E + 4ω[1]−1(Sk1(1, 2)0E)
+ 6ω0Sk1(1, 2)−1E + 6Sk1(1, 3)−1E,
H
[1]
1 Sk1(1, 1)0E =
2
3
ω
[1]
−1(Sk1(1, 1)0E) +
−1
3
ω0Sk1(1, 1)−1E
+
2
3
Sk1(1, 2)−1E +
−2
3
ω0(Sk1(1, 2)0E),
H
[1]
2 Sk1(1, 1)0E =
1
3
Sk1(1, 1)−1E +
1
3
(Sk1(1, 2)0E), (8.131)
H
[1]
0 Sk1(1, 2)0E =
196
243
ω
[k]
−3(Sk1(1, 1)0E) +
4
81
ω
[k]
−2Sk1(1, 1)−1E
+
86
81
ω
[k]
−1Sk1(1, 1)−2E +
−172
81
H
[k]
−1(Sk1(1, 1)0E)
+ 2ω
[1]
−2Sk1(1, 1)−1E +
8
3
ω
[1]
−1ω
[1]
−1(Sk1(1, 1)0E)
+
−2
27
ω0ω
[1]
−2(Sk1(1, 1)0E) +
−2
3
ω0ω0ω0ω0(Sk1(1, 1)0E)
+
−86
81
ω
[k]
−1Sk1(1, 2)−1E +
−28
9
Sk1(1, 2)−3E
+
26
9
ω
[1]
−2(Sk1(1, 2)0E) +
94
81
ω0ω
[k]
−1(Sk1(1, 2)0E)
+
−116
27
ω0ω
[1]
−1(Sk1(1, 2)0E) +
−16
27
ω0ω0Sk1(1, 2)−1E
+
−14
27
ω0ω0ω0(Sk1(1, 2)0E) +
88
27
ω0Sk1(1, 3)−1E,
H
[1]
1 Sk1(1, 2)0E = −12ω[1]−2(Sk1(1, 1)0E) + 3ω0Sk1(1, 1)−2E
− 10Sk1(1, 2)−2E + 6ω[1]−1(Sk1(1, 2)0E)
+ 9ω0Sk1(1, 2)−1E + 8Sk1(1, 3)−1E,
H
[1]
2 Sk1(1, 2)0E =
4
9
ω
[1]
−1(Sk1(1, 1)0E) +
−2
9
ω0Sk1(1, 1)−1E
+
−2
9
Sk1(1, 2)−1E +
−1
9
ω0(Sk1(1, 2)0E), (8.132)
ω
[i]
0 Si1(1, 1)0E = −(Si1(1, 2)0E),
ω
[i]
1 Si1(1, 1)0E = (Si1(1, 1)0E), (8.133)
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ω
[i]
0 Si1(1, 2)0E =
2
3
Si1(1, 1)−2E +
−4
3
ω
[1]
−1(Si1(1, 1)0E)
+
2
3
ω0Si1(1, 1)−1E + 2ω0(Si1(1, 2)0E),
ω
[i]
1 Si1(1, 2)0E = 2(Si1(1, 2)0E),
ω
[i]
2 Si1(1, 2)0E = −2(Si1(1, 1)0E), (8.134)
H
[i]
0 Si1(1, 1)0E = −2ω[i]−2(Si1(1, 1)0E)− 4ω[i]−1(Si1(1, 2)0E),
H
[i]
1 Si1(1, 1)0E =
−4
3
Si1(1, 1)−2E +
8
3
ω
[1]
−1(Si1(1, 1)0E)
+
−4
3
ω0Si1(1, 1)−1E − 4ω0(Si1(1, 2)0E),
H
[i]
2 Si1(1, 1)0E =
−7
3
(Si1(1, 2)0E),
H
[i]
3 Si1(1, 1)0E = (Si1(1, 1)0E), (8.135)
H
[i]
0 Si1(1, 2)0E =
−32
29
ω
[1]
−1Si1(1, 1)−2E +
−32
29
ω
[1]
−1ω
[1]
−1(Si1(1, 1)0E)
+
24
29
H
[1]
−1(Si1(1, 1)0E) +
72
29
ω0ω
[i]
−2(Si1(1, 1)0E)
+
16
29
ω0ω
[1]
−1Si1(1, 1)−1E +
8
29
ω0ω
[1]
−2(Si1(1, 1)0E)
+
96
29
ω
[1]
−1Si1(1, 2)−1E +
72
29
ω0Si1(1, 2)−2E
+
144
29
ω0ω
[i]
−1(Si1(1, 2)0E) +
−48
29
ω0ω0Si1(1, 2)−1E
+
−120
29
Si1(1, 3)−2E, (8.136)
H
[i]
1 Si1(1, 2)0E = 6ω
[i]
−2(Si1(1, 1)0E) + 12ω
[i]
−1(Si1(1, 2)0E),
H
[i]
2 Si1(1, 2)0E =
38
9
Si1(1, 1)−2E +
−76
9
ω
[1]
−1(Si1(1, 1)0E)
+
38
9
ω0Si1(1, 1)−1E +
38
3
ω0(Si1(1, 2)0E),
H
[i]
3 Si1(1, 2)0E = 8(Si1(1, 2)0E),
H
[i]
4 Si1(1, 2)0E = −4(Si1(1, 1)0E), (8.137)
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Si1(1, 1)0E = (Si1(1, 1)0E), (8.138)
Si1(1, 1)0Si1(1, 1)0E = 2ω
[i]
−1E + 2ω
[1]
−1E − ω0ω0E,
Si1(1, 1)1Si1(1, 1)0E = ω0E,
Si1(1, 1)2Si1(1, 1)0E = E, (8.139)
Si1(1, 1)0Si1(1, 2)0E = −ω[i]−2E + 2ω[1]−2E − 4ω0ω[1]−1E + 2ω0ω0ω0E,
Si1(1, 1)1Si1(1, 2)0E = −4ω[1]−1E + 2ω0ω0E,
Si1(1, 1)2Si1(1, 2)0E = −2ω0E,
Si1(1, 1)3Si1(1, 2)0E = −2E, (8.140)
Si1(1, 1)0Sk1(1, 1)0E = Ski(1, 1)−1E, (8.141)
Si1(1, 1)0Sk1(1, 2)0E = −Ski(1, 1)−2E + Ski(1, 2)−1E, (8.142)
Si1(1, 2)0E = (Si1(1, 2)0E),
Si1(1, 2)1E = −(Si1(1, 1)0E), (8.143)
Si1(1, 2)0Si1(1, 1)0E = −ω[i]−2E − 2ω[1]−2E
+ 4ω0ω
[1]
−1E − 2ω0ω0ω0E,
Si1(1, 2)1Si1(1, 1)0E = −2ω[i]−1E + 2ω[1]−1E − ω0ω0E,
Si1(1, 2)2Si1(1, 1)0E = 0,
Si1(1, 2)3Si1(1, 1)0E = −E, (8.144)
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Si1(1, 2)0Si1(1, 2)0E = −2H [i]−1E +
2
3
ω
[i]
−3E
+
−24
23
ω
[1]
−1ω
[1]
−1E +
−54
23
H
[1]
−1E
+
−42
23
ω0ω
[1]
−2E +
60
23
ω0ω0ω
[1]
−1E
+
−24
23
ω0ω0ω0ω0E,
Si1(1, 2)1Si1(1, 2)0E = ω
[i]
−2E + 4ω
[1]
−2E − 8ω0ω[1]−1E + 4ω0ω0ω0E,
Si1(1, 2)2Si1(1, 2)0E = −4ω[1]−1E + 2ω0ω0E,
Si1(1, 2)3Si1(1, 2)0E = 0,
Si1(1, 2)4Si1(1, 2)0E = 2E, (8.145)
Si1(1, 2)0Sk1(1, 1)0E = −Ski(1, 2)−1E,
Si1(1, 2)1Sk1(1, 1)0E = −Ski(1, 1)−1E, (8.146)
Si1(1, 2)0Sk1(1, 2)0E = Ski(1, 2)−2E − 2Ski(1, 3)−1E,
Si1(1, 2)1Sk1(1, 2)0E = Ski(1, 1)−2E − Ski(1, 2)−1E, (8.147)
Si1(1, 3)0E =
−1
3
Si1(1, 1)−2E +
2
3
ω
[1]
−1(Si1(1, 1)0E)
+
−1
3
ω0Si1(1, 1)−1E − ω0(Si1(1, 2)0E),
Si1(1, 3)1E = −(Si1(1, 2)0E),
Si1(1, 3)2E = (Si1(1, 1)0E), (8.148)
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Si1(1, 3)0Si1(1, 1)0E = H
[i]
−1E +
2
3
ω
[i]
−3E
+
12
23
ω
[1]
−1ω
[1]
−1E +
27
23
H
[1]
−1E
+
21
23
ω0ω
[1]
−2E +
−30
23
ω0ω0ω
[1]
−1E
+
12
23
ω0ω0ω0ω0E,
Si1(1, 3)1Si1(1, 1)0E = ω
[i]
−2E − ω[1]−2E + 2ω0ω[1]−1E − ω0ω0ω0E,
Si1(1, 3)2Si1(1, 1)0E = 2ω
[i]
−1E,
Si1(1, 3)3Si1(1, 1)0E = 0,
Si1(1, 3)4Si1(1, 1)0E = E, (8.149)
Si1(1, 3)0Si1(1, 2)0E =
1
2
H
[i]
−2E +
−1
2
ω
[i]
−4E
+
24
13
ω
[1]
−2ω
[1]
−1E +
36
13
H
[1]
−2E
+
−480
299
ω0ω
[1]
−1ω
[1]
−1E +
−1908
299
ω0H
[1]
−1E
+
−192
23
ω0ω0ω
[1]
−2E +
3960
299
ω0ω0ω0ω
[1]
−1E
+
−1860
299
ω0ω0ω0ω0ω0E,
Si1(1, 3)1Si1(1, 2)0E = 2H
[i]
−1E +
−2
3
ω
[i]
−3E
+
−24
23
ω
[1]
−1ω
[1]
−1E +
−54
23
H
[1]
−1E
+
−42
23
ω0ω
[1]
−2E +
60
23
ω0ω0ω
[1]
−1E
+
−24
23
ω0ω0ω0ω0E,
Si1(1, 3)2Si1(1, 2)0E = −ω[i]−2E + 2ω[1]−2E − 4ω0ω[1]−1E + 2ω0ω0ω0E,
Si1(1, 3)4Si1(1, 2)0E = 0,
Si1(1, 3)5Si1(1, 2)0E = −2E, (8.150)
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Si1(1, 3)0Sk1(1, 1)0E = Ski(1, 3)−1E,
Si1(1, 3)1Sk1(1, 1)0E = Ski(1, 2)−1E,
Si1(1, 3)2Sk1(1, 1)0E = Ski(1, 1)−1E, (8.151)
Si1(1, 3)0Sk1(1, 2)0E = ω
[k]
−2Ski(1, 1)−1E − 2ω[k]−1Ski(1, 1)−2E
+ 3Ski(1, 1)−4E + 2ω
[k]
−1Ski(1, 2)−1E
− 3Ski(1, 2)−3E + 2Ski(1, 3)−2E,
Si1(1, 3)1Sk1(1, 2)0E = −Ski(1, 2)−2E + 2Ski(1, 3)−1E,
Si1(1, 3)2Sk1(1, 2)0E = −Ski(1, 1)−2E + Ski(1, 2)−1E, (8.152)
Sk1(1, 1)0E = (Sk1(1, 1)0E), (8.153)
Sk1(1, 1)0Si1(1, 1)0E = Ski(1, 1)−1E, (8.154)
Sk1(1, 1)0Si1(1, 2)0E = −Ski(1, 2)−1E, (8.155)
Sk1(1, 2)0E = (Sk1(1, 2)0E),
Sk1(1, 2)1E = −(Sk1(1, 1)0E), (8.156)
Sk1(1, 2)0Si1(1, 1)0E = −Ski(1, 1)−2E + Ski(1, 2)−1E,
Sk1(1, 2)1Si1(1, 1)0E = −Ski(1, 1)−1E, (8.157)
Sk1(1, 2)0Si1(1, 2)0E = Ski(1, 2)−2E − 2Ski(1, 3)−1E,
Sk1(1, 2)1Si1(1, 2)0E = Ski(1, 2)−1E, (8.158)
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Sk1(1, 2)0Sk1(1, 1)0E = −ω[k]−2E − 2ω[1]−2E + 4ω0ω[1]−1E − 2ω0ω0ω0E,
Sk1(1, 2)1Sk1(1, 1)0E = −2ω[k]−1E + 2ω[1]−1E − ω0ω0E, (8.159)
Sk1(1, 2)0Sk1(1, 2)0E =
2
3
ω
[k]
−3E − 2H [k]−1E +
−24
23
ω
[1]
−1ω
[1]
−1E +
−54
23
H
[1]
−1E
+
−42
23
ω0ω
[1]
−2E +
60
23
ω0ω0ω
[1]
−1E +
−24
23
ω0ω0ω0ω0E,
Sk1(1, 2)1Sk1(1, 2)0E = ω
[k]
−2E + 4ω
[1]
−2E − 8ω0ω[1]−1E + 4ω0ω0ω0E,
Sk1(1, 2)2Sk1(1, 2)0E = −4ω[1]−1E + 2ω0ω0E, (8.160)
Sk1(1, 3)0E =
2
3
ω
[1]
−1(Sk1(1, 1)0E) +
−1
3
ω0Sk1(1, 1)−1E
+
−1
3
Sk1(1, 2)−1E +
−2
3
ω0(Sk1(1, 2)0E),
Sk1(1, 3)1E = −(Sk1(1, 2)0E),
Sk1(1, 3)2E = (Sk1(1, 1)0E), (8.161)
Sk1(1, 3)0Si1(1, 1)0E = Ski(1, 1)−3E − Ski(1, 2)−2E + Ski(1, 3)−1E,
Sk1(1, 3)1Si1(1, 1)0E = Ski(1, 1)−2E − Ski(1, 2)−1E,
Sk1(1, 3)2Si1(1, 1)0E = Ski(1, 1)−1E, (8.162)
Sk1(1, 3)0Si1(1, 2)0E = −ω[k]−2Ski(1, 1)−1E + 2ω[k]−1Ski(1, 1)−2E
− 3Ski(1, 1)−4E − 2ω[k]−1Ski(1, 2)−1E
+ 2Ski(1, 2)−3E − Ski(1, 3)−2E,
Sk1(1, 3)1Si1(1, 2)0E = −Ski(1, 2)−2E + 2Ski(1, 3)−1E,
Sk1(1, 3)2Si1(1, 2)0E = −Ski(1, 2)−1E, (8.163)
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Sk1(1, 3)0Sk1(1, 1)0E =
2
3
ω
[k]
−3E +H
[k]
−1E +
12
23
ω
[1]
−1ω
[1]
−1E +
27
23
H
[1]
−1E
+
21
23
ω0ω
[1]
−2E +
−30
23
ω0ω0ω
[1]
−1E
+
12
23
ω0ω0ω0ω0E,
Sk1(1, 3)1Sk1(1, 1)0E = ω
[k]
−2E − ω[1]−2E + 2ω0ω[1]−1E − ω0ω0ω0E,
Sk1(1, 3)2Sk1(1, 1)0E = 2ω
[k]
−1E, (8.164)
Sk1(1, 3)0Sk1(1, 2)0E =
−1
2
ω
[k]
−4E +
1
2
H
[k]
−2E +
24
13
ω
[1]
−2ω
[1]
−1E +
36
13
H
[1]
−2E
+
−480
299
ω0ω
[1]
−1ω
[1]
−1E +
−1908
299
ω0H
[1]
−1E
+
−192
23
ω0ω0ω
[1]
−2E +
3960
299
ω0ω0ω0ω
[1]
−1E
+
−1860
299
ω0ω0ω0ω0ω0E,
Sk1(1, 3)1Sk1(1, 2)0E =
−2
3
ω
[k]
−3E + 2H
[k]
−1E
+
−24
23
ω
[1]
−1ω
[1]
−1E +
−54
23
H
[1]
−1E
+
−42
23
ω0ω
[1]
−2E +
60
23
ω0ω0ω
[1]
−1E
+
−24
23
ω0ω0ω0ω0E,
Sk1(1, 3)2Sk1(1, 2)0E = −ω[k]−2E + 2ω[1]−2E − 4ω0ω[1]−1E + 2ω0ω0ω0E,
(8.165)
Ski(1, 1)0Si1(1, 1)0E = −(Sk1(1, 2)0E),
Ski(1, 1)1Si1(1, 1)0E = (Sk1(1, 1)0E), (8.166)
Ski(1, 1)0Si1(1, 2)0E =
−4
3
ω
[1]
−1(Sk1(1, 1)0E) +
2
3
ω0Sk1(1, 1)−1E
+
2
3
Sk1(1, 2)−1E +
4
3
ω0(Sk1(1, 2)0E),
Ski(1, 1)1Si1(1, 2)0E = 2(Sk1(1, 2)0E),
Ski(1, 1)2Si1(1, 2)0E = −2(Sk1(1, 1)0E), (8.167)
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Ski(1, 1)0Sk1(1, 1)0E = −(Si1(1, 2)0E),
Ski(1, 1)1Sk1(1, 1)0E = (Si1(1, 1)0E), (8.168)
Ski(1, 1)0Sk1(1, 2)0E =
2
3
Si1(1, 1)−2E +
−4
3
ω
[1]
−1(Si1(1, 1)0E)
+
2
3
ω0Si1(1, 1)−1E + 2ω0(Si1(1, 2)0E),
Ski(1, 1)1Sk1(1, 2)0E = 2(Si1(1, 2)0E),
Ski(1, 1)2Sk1(1, 2)0E = −2(Si1(1, 1)0E), (8.169)
Ski(1, 2)0Si1(1, 1)0E =
−4
3
ω
[1]
−1(Sk1(1, 1)0E) +
2
3
ω0Sk1(1, 1)−1E
+
2
3
Sk1(1, 2)−1E +
4
3
ω0(Sk1(1, 2)0E),
Ski(1, 2)1Si1(1, 1)0E = 2(Sk1(1, 2)0E),
Ski(1, 2)2Si1(1, 1)0E = −2(Sk1(1, 1)0E), (8.170)
Ski(1, 2)0Si1(1, 2)0E = 24ω
[1]
−2(Sk1(1, 1)0E)− 6ω0Sk1(1, 1)−2E
+ 18Sk1(1, 2)−2E − 12ω[1]−1(Sk1(1, 2)0E)
− 18ω0Sk1(1, 2)−1E − 12Sk1(1, 3)−1E,
Ski(1, 2)1Si1(1, 2)0E = 4ω
[1]
−1(Sk1(1, 1)0E)− 2ω0Sk1(1, 1)−1E
− 2Sk1(1, 2)−1E − 4ω0(Sk1(1, 2)0E),
Ski(1, 2)2Si1(1, 2)0E = −6(Sk1(1, 2)0E),
Ski(1, 2)3Si1(1, 2)0E = 6(Sk1(1, 1)0E), (8.171)
Ski(1, 2)0Sk1(1, 1)0E =
−2
3
Si1(1, 1)−2E +
4
3
ω
[1]
−1(Si1(1, 1)0E)
+
−2
3
ω0Si1(1, 1)−1E − 2ω0(Si1(1, 2)0E),
Ski(1, 2)1Sk1(1, 1)0E = −(Si1(1, 2)0E), (8.172)
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Ski(1, 2)0Sk1(1, 2)0E = 2ω
[i]
−2(Si1(1, 1)0E) + 4ω
[i]
−1(Si1(1, 2)0E),
Ski(1, 2)1Sk1(1, 2)0E =
4
3
Si1(1, 1)−2E +
−8
3
ω
[1]
−1(Si1(1, 1)0E)
+
4
3
ω0Si1(1, 1)−1E + 4ω0(Si1(1, 2)0E),
Ski(1, 2)2Sk1(1, 2)0E = 2(Si1(1, 2)0E), (8.173)
Ski(1, 3)0Si1(1, 1)0E = 12ω
[1]
−2(Sk1(1, 1)0E)− 3ω0Sk1(1, 1)−2E
+ 9Sk1(1, 2)−2E − 6ω[1]−1(Sk1(1, 2)0E)
− 9ω0Sk1(1, 2)−1E − 6Sk1(1, 3)−1E,
Ski(1, 3)1Si1(1, 1)0E = 2ω
[1]
−1(Sk1(1, 1)0E)− ω0Sk1(1, 1)−1E
− Sk1(1, 2)−1E − 2ω0(Sk1(1, 2)0E),
Ski(1, 3)2Si1(1, 1)0E = −3(Sk1(1, 2)0E),
Ski(1, 3)3Si1(1, 1)0E = 3(Sk1(1, 1)0E), (8.174)
Ski(1, 3)0Si1(1, 2)0E =
4
9
ω
[k]
−3(Sk1(1, 1)0E) +
2
3
ω
[k]
−1Sk1(1, 1)−2E
+
−4
3
H
[k]
−1(Sk1(1, 1)0E) +
−2
3
ω
[k]
−1Sk1(1, 2)−1E
+
2
3
ω0ω
[k]
−1(Sk1(1, 2)0E),
Ski(1, 3)1Si1(1, 2)0E = −48ω[1]−2(Sk1(1, 1)0E) + 12ω0Sk1(1, 1)−2E
− 36Sk1(1, 2)−2E + 24ω[1]−1(Sk1(1, 2)0E)
+ 36ω0Sk1(1, 2)−1E + 24Sk1(1, 3)−1E,
Ski(1, 3)2Si1(1, 2)0E = −8ω[1]−1(Sk1(1, 1)0E) + 4ω0Sk1(1, 1)−1E
+ 4Sk1(1, 2)−1E + 8ω0(Sk1(1, 2)0E),
Ski(1, 3)3Si1(1, 2)0E = 12(Sk1(1, 2)0E),
Ski(1, 3)4Si1(1, 2)0E = −12(Sk1(1, 1)0E), (8.175)
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Ski(1, 3)0Sk1(1, 1)0E = −ω[i]−2(Si1(1, 1)0E)− 2ω[i]−1(Si1(1, 2)0E),
Ski(1, 3)1Sk1(1, 1)0E =
−1
3
Si1(1, 1)−2E +
2
3
ω
[1]
−1(Si1(1, 1)0E)
+
−1
3
ω0Si1(1, 1)−1E − ω0(Si1(1, 2)0E), (8.176)
Ski(1, 3)0Sk1(1, 2)0E =
−16
29
ω
[1]
−1Si1(1, 1)−2E +
−16
29
ω
[1]
−1ω
[1]
−1(Si1(1, 1)0E)
+
12
29
H
[1]
−1(Si1(1, 1)0E) +
36
29
ω0ω
[i]
−2(Si1(1, 1)0E)
+
8
29
ω0ω
[1]
−1Si1(1, 1)−1E +
4
29
ω0ω
[1]
−2(Si1(1, 1)0E)
+
48
29
ω
[1]
−1Si1(1, 2)−1E +
36
29
ω0Si1(1, 2)−2E
+
72
29
ω0ω
[i]
−1(Si1(1, 2)0E) +
−24
29
ω0ω0Si1(1, 2)−1E
+
−60
29
Si1(1, 3)−2E,
Ski(1, 3)1Sk1(1, 2)0E = 2ω
[i]
−2(Si1(1, 1)0E) + 4ω
[i]
−1(Si1(1, 2)0E),
Ski(1, 3)2Sk1(1, 2)0E =
2
3
Si1(1, 1)−2E +
−4
3
ω
[1]
−1(Si1(1, 1)0E)
+
2
3
ω0Si1(1, 1)−1E + 2ω0(Si1(1, 2)0E), (8.177)
8.6 The case that 〈α, α〉 = 0
Let α ∈ h \ {0} with 〈α,α〉 = 0. Let h[1], h[2], . . . , h[d] be an orthonormal
basis of h such that
0 6= 〈α, h[2]〉 = √−1〈α, h[1]〉 and 〈α, h[i]〉 = 0 (8.178)
for all i = 3, . . . , d. We write
z = 〈α, h[1]〉 (8.179)
for simplicity. By Lemma 6.14, we may assume all the denominators in
the following formulas are non-zero. In the following computation, k, l are
distinct elements of {3, . . . , d}.
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ω
[1]
0 ω
[1]
0 E = −2z4(2z2 − 1)ω[2]−1E + 2z4(2z2 + 1)ω[1]−1E
− z2(2z2 − 1)ω0ω0E − (2z2 − 1)ω0(ω[1]0 E)
+ z2(2z2 − 1)(2z2 + 1)√−1S21(1, 1)−1E,
ω
[1]
1 ω
[1]
0 E =
z2 + 2
2
(ω
[1]
0 E),
ω
[1]
2 ω
[1]
0 E = z
2E, (8.180)
ω
[1]
0 Sk1(1, 1)0E = −z2ω0(Sk1(1, 1)0E) + z2(z2 + 1)Sk1(1, 1)−1E
+ z4
√−1Sk2(1, 1)−1E,
ω
[1]
1 Sk1(1, 1)0E =
z2
2
(Sk1(1, 1)0E), (8.181)
H
[1]
0 E =
−z2(6z2 − 1)
7z2 + 1
ω
[1]
−2E +
16z6
7z2 + 1
ω0ω
[2]
−1E
+
−4z2(2z2 + 1)2
7z2 + 1
ω0ω
[1]
−1E +
8z4
7z2 + 1
ω0ω0ω0E
+
2z2
7z2 + 1
ω
[2]
−1(ω
[1]
0 E) +
2z2
7z2 + 1
ω
[1]
−1(ω
[1]
0 E)
+
8z2 + 1
7z2 + 1
ω0ω0(ω
[1]
0 E)
+
−z2(2z2 + 1)
7z2 + 1
√−1S21(1, 1)−2E
+
−8z4(2z2 + 1)
7z2 + 1
√−1ω0S21(1, 1)−1E
+
−z2(2z2 + 1)
7z2 + 1
√−1S21(1, 2)−1E,
H
[1]
1 E = 2z
4ω
[2]
−1E − 2z2(z2 + 1)ω[1]−1E
+ z2ω0ω0E + ω0(ω
[1]
0 E)
− z2(2z2 + 1)√−1S21(1, 1)−1E,
H
[1]
2 E =
1
3
(ω
[1]
0 E), (8.182)
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H
[1]
0 ω
[1]
0 E =
−8z4(4z2 − 3)
16z2 + 3
ω
[2]
−1ω
[1]
−1E
+
−8z2(2z2 − 9)
48z2 + 9
ω
[1]
−3E
+
8z2(z2 + 1)(4z2 − 3)
16z2 + 3
ω
[1]
−1ω
[1]
−1E
+
−4z2(2z2 − 9)
16z2 + 3
H
[1]
−1E
+
z2(4z2 − 3)(7z2 + 1)
16z2 + 3
ω0ω
[2]
−2E
+
−(4z2 − 3)(7z4 − 9z2 − 4)
16z2 + 3
ω0ω
[1]
−2E
+
2z2(3z − 1)(3z + 1)(4z2 − 3)
16z2 + 3
ω0ω0ω
[2]
−1E
+
−2(4z2 − 3)(9z4 + 3z2 + 2)
16z2 + 3
ω0ω0ω
[1]
−1E
+
(3z − 1)(3z + 1)(4z2 − 3)
16z2 + 3
ω0ω0ω0ω0E
+
6(4z2 − 3)
16z2 + 3
ω
[1]
−2(ω
[1]
0 E)
+
4(4z2 − 3)
16z2 + 3
ω0ω
[2]
−1(ω
[1]
0 E)
+
2(4z2 − 3)
16z2 + 3
ω0ω0ω0(ω
[1]
0 E)
+
4z2(2z2 + 1)(4z2 − 3)
16z2 + 3
√−1ω[1]−1S21(1, 1)−1E
+
−(4z2 − 3)(7z4 + 5z2 + 2)
16z2 + 3
√−1ω0S21(1, 1)−2E
+
−2(3z2 − 1)(3z2 + 1)(4z2 − 3)
16z2 + 3
√−1ω0ω0S21(1, 1)−1E
+
10z2(4z2 − 3)
16z2 + 3
√−1ω0S21(1, 2)−1E, (8.183)
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H
[1]
1 ω
[1]
0 E =
z2(6z4 − 11z2 + 6)
14z2 + 2
ω
[1]
−2E
+
−8z6(z − 2)(z + 2)
7z2 + 1
ω0ω
[2]
−1E
+
2z2(z − 2)(z + 2)(2z2 + 1)2
7z2 + 1
ω0ω
[1]
−1E
+
−4z4(z − 2)(z + 2)
7z2 + 1
ω0ω0ω0E
+
−z2(z − 2)(z + 2)
7z2 + 1
ω
[2]
−1(ω
[1]
0 E)
+
−z2(z − 2)(z + 2)
7z2 + 1
ω
[1]
−1(ω
[1]
0 E)
+
−(z − 2)(z + 2)(8z2 + 1)
14z2 + 2
ω0ω0(ω
[1]
0 E)
+
z2(z − 2)(z + 2)(2z2 + 1)
14z2 + 2
√−1S21(1, 1)−2E
+
4z4(z − 2)(z + 2)(2z2 + 1)
7z2 + 1
√−1ω0S21(1, 1)−1E
+
z2(z − 2)(z + 2)(2z2 + 1)
14z2 + 2
√−1S21(1, 2)−1E,
H
[1]
2 ω
[1]
0 E =
−2z4(2z2 − 7)
3
ω
[2]
−1E
+
2z2(2z4 − 5z2 − 6)
3
ω
[1]
−1E
+
−z2(2z2 − 7)
3
ω0ω0E
+
−(2z2 − 7)
3
ω0(ω
[1]
0 E)
+
z2(2z2 − 7)(2z2 + 1)
3
√−1S21(1, 1)−1E,
H
[1]
3 ω
[1]
0 E = (ω
[1]
0 E), (8.184)
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H
[1]
0 Sk1(1, 1)0E
=
2(z − 1)(z + 1)(4z4 − 10z2 − 3)
4z4 + 6z2 + 1
ω
[k]
−2(Sk1(1, 1)0E)
+
2z2(2z2 + 1)
4z4 + 6z2 + 1
ω
[2]
−2(Sk1(1, 1)0E) +
2z2(2z2 + 1)
4z4 + 6z2 + 1
ω
[1]
−2(Sk1(1, 1)0E)
+
−4(z − 1)(z + 1)(4z4 − 10z2 − 3)
12z4 + 18z2 + 3
ω0ω
[k]
−1(Sk1(1, 1)0E)
+
−2z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1 ω0ω
[2]
−1(Sk1(1, 1)0E) +
−2z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1 ω0ω
[1]
−1(Sk1(1, 1)0E)
+
−(2z2 − 1)(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1 ω0ω0ω0(Sk1(1, 1)0E)
+
4z2(z − 1)(z + 1)(4z4 − 10z2 − 3)
12z4 + 18z2 + 3
ω
[k]
−1Sk1(1, 1)−1E
+
2z2(z2 − 3)(2z2 + 1)
4z4 + 6z2 + 1
Sk1(1, 1)−3E
+
−4z4
4z4 + 6z2 + 1
ω
[2]
−1Sk1(1, 1)−1E +
4z4
4z4 + 6z2 + 1
ω
[1]
−1Sk1(1, 1)−1E
+
−2z2(10z4 − 2z2 + 1)
4z6 + 2z4 − 5z2 − 1 ω0Sk1(1, 1)−2E
+
2z2(2z2 + 1)(6z4 − 4z2 + 1)
4z6 + 2z4 − 5z2 − 1 ω0ω0Sk1(1, 1)−1E
+
2z2(8z2 + 1)
4z4 + 6z2 + 1
Sk1(1, 2)−2E +
z2(24z6 − 4z4 + 8z2 − 1)
4z6 + 2z4 − 5z2 − 1 ω0Sk1(1, 2)−1E
+
4z2(z − 1)(z + 1)(4z4 − 10z2 − 3)
12z4 + 18z2 + 3
√−1ω[k]−1Sk2(1, 1)−1E
+
2z2(z − 1)(z + 1)(2z2 + 1)
4z4 + 6z2 + 1
√−1Sk2(1, 1)−3E
+
8z4
4z4 + 6z2 + 1
√−1ω[1]−1Sk2(1, 1)−1E +
2z2(12z4 − 2z2 − 1)
4z4 + 6z2 + 1
√−1ω0ω0Sk2(1, 1)−1E
+
3z2(2z2 − 1)(2z2 + 1)2
4z6 + 2z4 − 5z2 − 1
√−1ω0Sk2(1, 2)−1E
+
−2z2(2z2 + 1)2
4z4 + 6z2 + 1
√−1Sk2(1, 3)−1E, (8.185)
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H
[1]
1 Sk1(1, 1)0E =
z2 + 2
3
ω
[2]
−1(Sk1(1, 1)0E) +
z2 + 2
3
ω
[1]
−1(Sk1(1, 1)0E)
+
2z2 + 1
3
ω0ω0(Sk1(1, 1)0E) +
−(z2 − 2)(2z2 + 1)
6
Sk1(1, 1)−2E
+
−(4z4 + 3z2 + 2)
6
ω0Sk1(1, 1)−1E +
−(2z4 − z2 + 2)
6
√−1Sk2(1, 1)−2E
+
−(4z4 + z2 − 2)
6
√−1ω0Sk2(1, 1)−1E − z2
√−1Sk2(1, 2)−1E,
H
[1]
2 Sk1(1, 1)0E =
−z2
3
ω0(Sk1(1, 1)0E) +
z2(z2 + 1)
3
Sk1(1, 1)−1E
+
z4
3
√−1Sk2(1, 1)−1E, (8.186)
ω
[2]
0 E = ω0E − (ω[1]0 E), ω[2]1 E =
−z2
2
E, (8.187)
ω
[2]
0 ω
[1]
0 E = 2z
4(2z2 − 1)ω[2]−1E − 2z4(2z2 + 1)ω[1]−1E
+ z2(2z2 − 1)ω0ω0E + 2z2ω0(ω[1]0 E)
− z2(2z2 − 1)(2z2 + 1)√−1S21(1, 1)−1E,
ω
[2]
1 ω
[1]
0 E =
−z2
2
(ω
[1]
0 E), (8.188)
ω
[2]
0 Sk1(1, 1)0E = z
2ω0(Sk1(1, 1)0E)− z4Sk1(1, 1)−1E
− z2(z − 1)(z + 1)√−1Sk2(1, 1)−1E,
ω
[2]
1 Sk1(1, 1)0E =
−z2
2
(Sk1(1, 1)0E), (8.189)
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H
[2]
0 E =
6z4 − 3z2 − 4
7z2 + 1
ω
[1]
−2E +
−4z2(4z4 + z2 − 1)
7z2 + 1
ω0ω
[2]
−1E
+
4(4z6 + 5z4 + z2 + 1)
7z2 + 1
ω0ω
[1]
−1E +
−2(4z4 + z2 − 1)
7z2 + 1
ω0ω0ω0E
+
−2(z2 + 2)
7z2 + 1
ω
[2]
−1(ω
[1]
0 E) +
−2(z2 + 2)
7z2 + 1
ω
[1]
−1(ω
[1]
0 E)
+
−(8z2 + 3)
7z2 + 1
ω0ω0(ω
[1]
0 E) +
(z2 + 2)(2z2 + 1)
7z2 + 1
√−1S21(1, 1)−2E
+
2(2z2 + 1)(4z4 + z2 − 1)
7z2 + 1
√−1ω0S21(1, 1)−1E
+
z2(2z2 − 9)
7z2 + 1
√−1S21(1, 2)−1E,
H
[2]
1 E = −2z2(z − 1)(z + 1)ω[2]−1E + 2z4ω[1]−1E
− (z − 1)(z + 1)ω0ω0E − ω0(ω[1]0 E)
+ z2(2z2 − 1)√−1S21(1, 1)−1E,
H
[2]
2 E =
1
3
ω0E +
−1
3
(ω
[1]
0 E), (8.190)
vertex algebra associated to an even lattice 150
H
[2]
0 ω
[1]
0 E =
8z4(12z4 − 11z2 − 3)
48z4 + 25z2 + 3
ω
[2]
−1ω
[1]
−1E
+
8z2(38z4 − 34z2 − 9)
144z4 + 75z2 + 9
ω
[1]
−3E
+
−8z4(12z4 + z2 + 2)
48z4 + 25z2 + 3
ω
[1]
−1ω
[1]
−1E
+
−20z4(2z2 − 1)
48z4 + 25z2 + 3
H
[1]
−1E
+
−z4(184z4 + 161z2 + 22)
96z4 + 50z2 + 6
ω0ω
[2]
−2E
+
z2(184z6 − 111z4 + 76z2 + 8)
96z4 + 50z2 + 6
ω0ω
[1]
−2E
+
−z4(200z4 + 127z2 + 2)
48z4 + 25z2 + 3
ω0ω0ω
[2]
−1E
+
z2(200z6 + 191z4 + 20z2 + 8)
48z4 + 25z2 + 3
ω0ω0ω
[1]
−1E
+
−z2(200z4 + 127z2 + 2)
96z4 + 50z2 + 6
ω0ω0ω0ω0E
+
2z2
3z2 + 1
ω
[2]
−2(ω
[1]
0 E)
+
−8z2(5z2 + 3)
48z4 + 25z2 + 3
ω
[1]
−2(ω
[1]
0 E)
+
−4z2(12z2 + 5)
48z4 + 25z2 + 3
ω0ω
[2]
−1(ω
[1]
0 E)
+
−z2(8z2 + 7)
48z4 + 25z2 + 3
ω0ω0ω0(ω
[1]
0 E)
+
2z2(2z2 − 1)
3z2 + 1
√−1S21(1, 1)−3E
+
−4z4(2z2 − 1)(12z2 + 1)
48z4 + 25z2 + 3
√−1ω[1]−1S21(1, 1)−1E
+
z2(184z6 + 257z4 + 174z2 + 32)
96z4 + 50z2 + 6
√−1ω0S21(1, 1)−2E
+
5z2(40z6 + 27z4 − 3z2 − 2)
48z4 + 25z2 + 3
√−1ω0ω0S21(1, 1)−1E
+
−z2(136z4 + 85z2 + 6)
48z4 + 25z2 + 3
√−1ω0S21(1, 2)−1E
+
−2z2(2z2 − 1)
3z2 + 1
√−1S21(1, 3)−1E, (8.191)
vertex algebra associated to an even lattice 151
H
[2]
1 ω
[1]
0 E =
−z2(6z4 − 5z2 − 8)
14z2 + 2
ω
[1]
−2E +
4z4(z2 + 1)(2z2 − 1)
7z2 + 1
ω0ω
[2]
−1E
+
−2z2(4z6 + 6z4 + z2 + 2)
7z2 + 1
ω0ω
[1]
−1E +
2z2(z2 + 1)(2z2 − 1)
7z2 + 1
ω0ω0ω0E
+
z2(z2 + 4)
7z2 + 1
ω
[2]
−1(ω
[1]
0 E) +
z2(z2 + 4)
7z2 + 1
ω
[1]
−1(ω
[1]
0 E)
+
z2(8z2 + 5)
14z2 + 2
ω0ω0(ω
[1]
0 E)
+
−z2(z2 − 2)(2z2 − 1)
14z2 + 2
√−1S21(1, 1)−2E
+
−2z2(z2 + 1)(2z2 − 1)(2z2 + 1)
7z2 + 1
√−1ω0S21(1, 1)−1E
+
−z2(z2 − 2)(2z2 − 1)
14z2 + 2
√−1S21(1, 2)−1E,
H
[2]
2 ω
[1]
0 E =
2z4(2z2 − 1)
3
ω
[2]
−1E +
−2z4(2z2 + 1)
3
ω
[1]
−1E
+
z2(2z2 − 1)
3
ω0ω0E +
2z2
3
ω0(ω
[1]
0 E)
+
−z2(2z2 − 1)(2z2 + 1)
3
√−1S21(1, 1)−1E, (8.192)
H
[2]
0 Sk1(1, 1)0E = −2z2ω[k]−2(Sk1(1, 1)0E) +
4z2
3
ω0ω
[k]
−1(Sk1(1, 1)0E)
+
−4z4
3
ω
[k]
−1Sk1(1, 1)−1E +
−4z4
3
√−1ω[k]−1Sk2(1, 1)−1E
+ 2z2
√−1Sk2(1, 3)−1E, (8.193)
vertex algebra associated to an even lattice 152
H
[2]
1 Sk1(1, 1)0E =
−z2
3
ω
[2]
−1(Sk1(1, 1)0E) +
−z2
3
ω
[1]
−1(Sk1(1, 1)0E)
+
−2z2
3
ω0ω0(Sk1(1, 1)0E) +
z2(2z2 − 1)
6
Sk1(1, 1)−2E
+
z2(4z2 + 1)
6
ω0Sk1(1, 1)−1E +
z2(2z2 + 1)
6
√−1Sk2(1, 1)−2E
+
z2(2z − 1)(2z + 1)
6
√−1ω0Sk2(1, 1)−1E
+ z2
√−1Sk2(1, 2)−1E,
H
[2]
2 Sk1(1, 1)0E =
z2
3
ω0(Sk1(1, 1)0E) +
−z4
3
Sk1(1, 1)−1E
+
−z2(z − 1)(z + 1)
3
√−1Sk2(1, 1)−1E, (8.194)
S21(1, 1)0E = −
√−1ω0E + 2
√−1(ω[1]0 E),
S21(1, 1)1E = z
2
√−1E, (8.195)
S21(1, 1)0ω
[1]
0 E = −2z2(4z4 − 2z2 + 1)
√−1ω[2]−1E
+ 2z2(4z4 + 2z2 + 1)
√−1ω[1]−1E
− (4z4 − 2z2 + 1)√−1ω0ω0E
− (2z − 1)(2z + 1)√−1ω0(ω[1]0 E)
− 8z6S21(1, 1)−1E,
S21(1, 1)1ω
[1]
0 E = −
√−1ω0E + (z2 + 1)
√−1(ω[1]0 E),
S21(1, 1)2ω
[1]
0 E = z
2
√−1E, (8.196)
S21(1, 1)0Sk1(1, 1)0E = −2z2
√−1ω0(Sk1(1, 1)0E)
+ z2(2z2 + 1)
√−1Sk1(1, 1)−1E
− z2(2z2 − 1)Sk2(1, 1)−1E,
S21(1, 1)1Sk1(1, 1)0E = z
2
√−1(Sk1(1, 1)0E), (8.197)
vertex algebra associated to an even lattice 153
S21(1, 2)0E = 2z
2
√−1ω[2]−1E − 2z2
√−1ω[1]−1E +
√−1ω0ω0E
+ 2z2S21(1, 1)−1E,
S21(1, 2)1E =
√−1ω0E −
√−1(ω[1]0 E),
S21(1, 2)2E = −z2
√−1E, (8.198)
S21(1, 2)0ω
[1]
0 E =
15z4 + 2z2 − 4
7z2 + 1
√−1ω[1]−2E
+
−4z2(z2 + 1)(3z2 − 1)
7z2 + 1
√−1ω0ω[2]−1E
+
4(3z6 + 5z4 + 1)
7z2 + 1
√−1ω0ω[1]−1E
+
−2(z2 + 1)(3z2 − 1)
7z2 + 1
√−1ω0ω0ω0E
+
2(z2 − 2)
7z2 + 1
√−1ω[2]−1(ω[1]0 E)
+
2(z2 − 2)
7z2 + 1
√−1ω[1]−1(ω[1]0 E)
+
−3(2z2 + 1)
7z2 + 1
√−1ω0ω0(ω[1]0 E)
+
−(5z4 + 4z2 + 2)
7z2 + 1
S21(1, 1)−2E
+
−2(z2 + 1)(2z2 + 1)(3z2 − 1)
7z2 + 1
ω0S21(1, 1)−1E
+
−5z2(z2 − 2)
7z2 + 1
S21(1, 2)−1E, (8.199)
S21(1, 2)1ω
[1]
0 E = 2z
2(2z4 − 3z2 + 2)√−1ω[2]−1E − 2z4(2z2 − 1)
√−1ω[1]−1E
+ 2z4 − 3z2 + 2√−1ω0ω0E + 2(z − 1)(z + 1)
√−1ω0(ω[1]0 E)
+ z2(2z2 − 1)2S21(1, 1)−1E,
S21(1, 2)2ω
[1]
0 E = 2
√−1ω0E − (z2 + 2)
√−1(ω[1]0 E),
S21(1, 2)3ω
[1]
0 E = −2z2
√−1E, (8.200)
vertex algebra associated to an even lattice 154
S21(1, 2)0Sk1(1, 1)0E =
2
3
√−1ω[2]−1(Sk1(1, 1)0E) +
2
3
√−1ω[1]−1(Sk1(1, 1)0E)
+
1
3
√−1ω0ω0(Sk1(1, 1)0E) + z
2 + 1
3
√−1Sk1(1, 1)−2E
+
−(z2 + 1)
3
√−1ω0Sk1(1, 1)−1E + −(z − 1)(z + 1)
3
Sk2(1, 1)−2E
+
(z − 1)(z + 1)
3
ω0Sk2(1, 1)−1E,
S21(1, 2)1Sk1(1, 1)0E = z
2
√−1ω0(Sk1(1, 1)0E)− z4
√−1Sk1(1, 1)−1E
+ z2(z − 1)(z + 1)Sk2(1, 1)−1E,
S21(1, 2)2Sk1(1, 1)0E = −z2
√−1(Sk1(1, 1)0E), (8.201)
vertex algebra associated to an even lattice 155
S21(1, 3)0E =
−2(3z4 − z2 − 1)
7z2 + 1
√−1ω[1]−2E
+
2z2(8z4 + z2 − 1)
7z2 + 1
√−1ω0ω[2]−1E
+
−2(z2 + 1)(8z4 + z2 + 1)
7z2 + 1
√−1ω0ω[1]−1E
+
8z4 + z2 − 1
7z2 + 1
√−1ω0ω0ω0E
+
2(z2 + 1)
7z2 + 1
√−1ω[2]−1(ω[1]0 E)
+
2(z2 + 1)
7z2 + 1
√−1ω[1]−1(ω[1]0 E)
+
2(4z2 + 1)
7z2 + 1
√−1ω0ω0(ω[1]0 E)
+
(z2 + 1)(2z2 + 1)
7z2 + 1
S21(1, 1)−2E
+
(2z2 + 1)(8z4 + z2 − 1)
7z2 + 1
ω0S21(1, 1)−1E
+
2z2(z2 − 2)
7z2 + 1
S21(1, 2)−1E,
S21(1, 3)1E = 2z
2(z − 1)(z + 1)√−1ω[2]−1E − 2z4
√−1ω[1]−1E
+ (z − 1)(z + 1)√−1ω0ω0E +
√−1ω0(ω[1]0 E)
+ z2(2z2 − 1)S21(1, 1)−1E,
S21(1, 3)2E = −
√−1ω0E +
√−1(ω[1]0 E),
S21(1, 3)3E = z
2
√−1E, (8.202)
vertex algebra associated to an even lattice 156
S21(1, 3)0ω
[1]
0 E =
−4z2(24z6 − 16z4 + 21z2 + 9)
48z4 + 25z2 + 3
√−1ω[2]−1ω[1]−1E
+
−4(44z6 + 13z4 + 87z2 + 27)
144z4 + 75z2 + 9
√−1ω[1]−3E
+
4(24z8 + 8z6 + 21z4 + 33z2 + 9)
48z4 + 25z2 + 3
√−1ω[1]−1ω[1]−1E
+
2(4z6 − 52z4 − 96z2 − 27)
48z4 + 25z2 + 3
√−1H [1]−1E
+
352z8 − 29z6 + 273z4 + 165z2 + 18
192z4 + 100z2 + 12
√−1ω0ω[2]−2E
+
−(352z10 − 541z8 + 619z6 − 117z4 − 336z2 − 72)
192z6 + 100z4 + 12z2
√−1ω0ω[1]−2E
+
416z8 + 157z6 + 519z4 + 123z2 − 18
96z4 + 50z2 + 6
√−1ω0ω0ω[2]−1E
+
−(416z10 + 317z8 + 833z6 + 453z4 + 168z2 + 36)
96z6 + 50z4 + 6z2
√−1ω0ω0ω[1]−1E
+
416z8 + 157z6 + 519z4 + 123z2 − 18
192z6 + 100z4 + 12z2
√−1ω0ω0ω0ω0E
+
−z2
3z2 + 1
√−1ω[2]−2(ω[1]0 E)
+
56z6 − 3z4 + 72z2 + 27
48z6 + 25z4 + 3z2
√−1ω[1]−2(ω[1]0 E)
+
6(8z6 + 8z2 + 3)
48z6 + 25z4 + 3z2
√−1ω0ω[2]−1(ω[1]0 E)
+
32z6 + 141z4 + 123z2 + 27
96z6 + 50z4 + 6z2
√−1ω0ω0ω0(ω[1]0 E)
+
z2(2z2 − 1)
3z2 + 1
S21(1, 1)−3E
+
−2(48z8 − 8z6 + 42z4 + 42z2 + 9)
48z4 + 25z2 + 3
ω
[1]
−1S21(1, 1)−1E
+
352z10 + 163z8 + 433z6 + 369z4 + 186z2 + 36
192z6 + 100z4 + 12z2
ω0S21(1, 1)−2E
+
416z10 + 189z8 + 612z6 + 246z4 − 39z2 − 18
96z6 + 50z4 + 6z2
ω0ω0S21(1, 1)−1E
+
−(256z6 − 109z4 + 171z2 + 81)
96z4 + 50z2 + 6
ω0S21(1, 2)−1E
+
−(2z4 − 10z2 − 3)
3z2 + 1
S21(1, 3)−1E, (8.203)
vertex algebra associated to an even lattice 157
S21(1, 3)1ω
[1]
0 E =
6z6 − 23z4 + z2 + 12
14z2 + 2
√−1ω[1]−2E
+
−2z2(4z6 − 10z4 − 5z2 + 3)
7z2 + 1
√−1ω0ω[2]−1E
+
2(4z8 − 6z6 − 14z4 − z2 − 3)
7z2 + 1
√−1ω0ω[1]−1E
+
−(4z6 − 10z4 − 5z2 + 3)
7z2 + 1
√−1ω0ω0ω0E
+
−(z2 − 2)(z2 + 3)
7z2 + 1
√−1ω[2]−1(ω[1]0 E)
+
−(z2 − 2)(z2 + 3)
7z2 + 1
√−1ω[1]−1(ω[1]0 E)
+
−(8z4 − 19z2 − 9)
14z2 + 2
√−1ω0ω0(ω[1]0 E)
+
−(2z6 − 11z4 − 13z2 − 6)
14z2 + 2
S21(1, 1)−2E
+
−(2z2 + 1)(4z6 − 10z4 − 5z2 + 3)
7z2 + 1
ω0S21(1, 1)−1E
+
−z2(2z4 − 11z2 + 29)
14z2 + 2
S21(1, 2)−1E,
S21(1, 3)2ω
[1]
0 E = −2z2(2z4 − 4z2 + 3)
√−1ω[2]−1E
+ 4z4(z − 1)(z + 1)√−1ω[1]−1E
− (2z4 − 4z2 + 3)√−1ω0ω0E
− (2z2 − 3)√−1ω0(ω[1]0 E)
− 2z2(z − 1)(z + 1)(2z2 − 1)S21(1, 1)−1E,
S21(1, 3)3ω
[1]
0 E = −3
√−1ω0E + (z2 + 3)
√−1(ω[1]0 E),
S21(1, 3)4ω
[1]
0 E = 3z
2
√−1E, (8.204)
vertex algebra associated to an even lattice 158
S21(1, 3)0Sk1(1, 1)0E
=
8z6 − 8z4 + 8z2 + 3
4z4 + 6z2 + 1
√−1ω[k]−2(Sk1(1, 1)0E)
+
z2(2z2 + 1)
4z4 + 6z2 + 1
√−1ω[2]−2(Sk1(1, 1)0E) +
z2(2z2 + 1)
4z4 + 6z2 + 1
√−1ω[1]−2(Sk1(1, 1)0E)
+
−2(8z6 − 8z4 + 8z2 + 3)
12z4 + 18z2 + 3
√−1ω0ω[k]−1(Sk1(1, 1)0E)
+
−z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0ω[2]−1(Sk1(1, 1)0E)
+
−z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0ω[1]−1(Sk1(1, 1)0E)
+
−(2z2 − 1)(12z4 − 2z2 − 1)
8z6 + 4z4 − 10z2 − 2
√−1ω0ω0ω0(Sk1(1, 1)0E)
+
2z2(8z6 − 8z4 + 8z2 + 3)
12z4 + 18z2 + 3
√−1ω[k]−1Sk1(1, 1)−1E
+
z2(z2 − 3)(2z2 + 1)
4z4 + 6z2 + 1
√−1Sk1(1, 1)−3E
+
−2z4
4z4 + 6z2 + 1
√−1ω[2]−1Sk1(1, 1)−1E +
2z4
4z4 + 6z2 + 1
√−1ω[1]−1Sk1(1, 1)−1E
+
−z2(10z4 − 2z2 + 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0Sk1(1, 1)−2E
+
z2(2z2 + 1)(6z4 − 4z2 + 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0ω0Sk1(1, 1)−1E
+
z2(8z2 + 1)
4z4 + 6z2 + 1
√−1Sk1(1, 2)−2E
+
z2(24z6 − 4z4 + 8z2 − 1)
8z6 + 4z4 − 10z2 − 2
√−1ω0Sk1(1, 2)−1E
+
−2z2(8z6 − 8z4 + 8z2 + 3)
12z4 + 18z2 + 3
ω
[k]
−1Sk2(1, 1)−1E
+
−z2(z − 1)(z + 1)(2z2 + 1)
4z4 + 6z2 + 1
Sk2(1, 1)−3E
+
−4z4
4z4 + 6z2 + 1
ω
[1]
−1Sk2(1, 1)−1E +
−z2(12z4 − 2z2 − 1)
4z4 + 6z2 + 1
ω0ω0Sk2(1, 1)−1E
+
−3z2(2z2 − 1)(2z2 + 1)2
8z6 + 4z4 − 10z2 − 2 ω0Sk2(1, 2)−1E
+
2z2(z2 + 1)(4z2 + 1)
4z4 + 6z2 + 1
Sk2(1, 3)−1E, (8.205)
vertex algebra associated to an even lattice 159
S21(1, 3)1Sk1(1, 1)0E =
z2
3
√−1ω[2]−1(Sk1(1, 1)0E)
+
z2
3
√−1ω[1]−1(Sk1(1, 1)0E)
+
2z2
3
√−1ω0ω0(Sk1(1, 1)0E)
+
−z2(2z2 − 1)
6
√−1Sk1(1, 1)−2E
+
−z2(4z2 + 1)
6
√−1ω0Sk1(1, 1)−1E
+
z2(2z2 + 1)
6
Sk2(1, 1)−2E
+
z2(2z − 1)(2z + 1)
6
ω0Sk2(1, 1)−1E
+ z2Sk2(1, 2)−1E,
S21(1, 3)2Sk1(1, 1)0E = −z2
√−1ω0(Sk1(1, 1)0E) + z4
√−1Sk1(1, 1)−1E
− z2(z − 1)(z + 1)Sk2(1, 1)−1E,
S21(1, 3)3Sk1(1, 1)0E = z
2
√−1(Sk1(1, 1)0E), (8.206)
ω
[k]
0 Sk1(1, 1)0E = ω0(Sk1(1, 1)0E)− z2Sk1(1, 1)−1E
− z2√−1Sk2(1, 1)−1E,
ω
[k]
1 Sk1(1, 1)0E = (Sk1(1, 1)0E), (8.207)
H
[k]
0 Sk1(1, 1)0E = −6ω[k]−2(Sk1(1, 1)0E) + 4ω0ω[k]−1(Sk1(1, 1)0E)
− 4z2ω[k]−1Sk1(1, 1)−1E − 4z2
√−1ω[k]−1Sk2(1, 1)−1E,
(8.208)
vertex algebra associated to an even lattice 160
H
[k]
1 Sk1(1, 1)0E =
4
3
ω
[2]
−1(Sk1(1, 1)0E) +
4
3
ω
[1]
−1(Sk1(1, 1)0E)
+
8
3
ω0ω0(Sk1(1, 1)0E) +
−2(2z2 − 1)
3
Sk1(1, 1)−2E
+
−2(4z2 + 1)
3
ω0Sk1(1, 1)−1E
+
−2(2z2 + 1)
3
√−1Sk2(1, 1)−2E
+
−2(2z − 1)(2z + 1)
3
√−1ω0Sk2(1, 1)−1E,
H
[k]
2 Sk1(1, 1)0E =
7
3
ω0(Sk1(1, 1)0E) +
−7z2
3
Sk1(1, 1)−1E +
−7z2
3
√−1Sk2(1, 1)−1E,
H
[k]
3 Sk1(1, 1)0E = (Sk1(1, 1)0E), (8.209)
Sk1(1, 1)0ω
[1]
0 E = −(z − 1)(z + 1)ω0(Sk1(1, 1)0E) + z4Sk1(1, 1)−1E
+ z2(z − 1)(z + 1)√−1Sk2(1, 1)−1E,
Sk1(1, 1)1ω
[1]
0 E = (Sk1(1, 1)0E), (8.210)
Sk1(1, 1)0Sk1(1, 1)0E = 2z
2ω
[k]
−1E + 2z
4ω
[2]
−1E − 2z2(z2 + 1)ω[1]−1E
+ z2ω0ω0E + ω0(ω
[1]
0 E)− z2(2z2 + 1)
√−1S21(1, 1)−1E,
Sk1(1, 1)1Sk1(1, 1)0E = (ω
[1]
0 E),
Sk1(1, 1)2Sk1(1, 1)0E = z
2E, (8.211)
Sk1(1, 2)0E = −ω0(Sk1(1, 1)0E) + z2Sk1(1, 1)−1E + z2
√−1Sk2(1, 1)−1E,
Sk1(1, 2)1E = −(Sk1(1, 1)0E), (8.212)
vertex algebra associated to an even lattice 161
Sk1(1, 2)0ω
[1]
0 E =
2z2
3
ω
[2]
−1(Sk1(1, 1)0E) +
2z2
3
ω
[1]
−1(Sk1(1, 1)0E)
+
4z2 − 3
3
ω0ω0(Sk1(1, 1)0E) +
−z2(2z2 − 1)
3
Sk1(1, 1)−2E
+
−2z2(2z2 − 1)
3
ω0Sk1(1, 1)−1E
+
−2z2(z − 1)(z + 1)
3
√−1Sk2(1, 1)−2E
+
−4z2(z − 1)(z + 1)
3
√−1ω0Sk2(1, 1)−1E
− z2√−1Sk2(1, 2)−1E, (8.213)
Sk1(1, 2)1ω
[1]
0 E = z
2 − 2ω0(Sk1(1, 1)0E)− z2(z − 1)(z + 1)Sk1(1, 1)−1E
− z2(z2 − 2)√−1Sk2(1, 1)−1E,
Sk1(1, 2)2ω
[1]
0 E = −2(Sk1(1, 1)0E), (8.214)
Sk1(1, 2)0Sk1(1, 1)0E = −z2ω[k]−2E +
−z2(6z2 − 1)
7z2 + 1
ω
[1]
−2E
+
16z6
7z2 + 1
ω0ω
[2]
−1E +
−4z2(2z2 + 1)2
7z2 + 1
ω0ω
[1]
−1E
+
8z4
7z2 + 1
ω0ω0ω0E +
2z2
7z2 + 1
ω
[2]
−1(ω
[1]
0 E)
+
2z2
7z2 + 1
ω
[1]
−1(ω
[1]
0 E) +
8z2 + 1
7z2 + 1
ω0ω0(ω
[1]
0 E)
+
−z2(2z2 + 1)
7z2 + 1
√−1S21(1, 1)−2E
+
−8z4(2z2 + 1)
7z2 + 1
√−1ω0S21(1, 1)−1E
+
−z2(2z2 + 1)
7z2 + 1
√−1S21(1, 2)−1E, (8.215)
vertex algebra associated to an even lattice 162
Sk1(1, 2)1Sk1(1, 1)0E = −2z2ω[k]−1E + 2z4ω[2]−1E
− 2z2(z2 + 1)ω[1]−1E + z2ω0ω0E
+ ω0(ω
[1]
0 E)− z2(2z2 + 1)
√−1S21(1, 1)−1E,
Sk1(1, 2)2Sk1(1, 1)0E = 0,
Sk1(1, 2)3Sk1(1, 1)0E = −z2E, (8.216)
Sk1(1, 3)0E =
1
3
ω
[2]
−1(Sk1(1, 1)0E) +
1
3
ω
[1]
−1(Sk1(1, 1)0E)
+
2
3
ω0ω0(Sk1(1, 1)0E) +
−(2z2 − 1)
6
Sk1(1, 1)−2E
+
−(4z2 + 1)
6
ω0Sk1(1, 1)−1E +
−(2z2 + 1)
6
√−1Sk2(1, 1)−2E
+
−(2z − 1)(2z + 1)
6
√−1ω0Sk2(1, 1)−1E,
Sk1(1, 3)1E = ω0(Sk1(1, 1)0E)− z2Sk1(1, 1)−1E − z2
√−1Sk2(1, 1)−1E,
Sk1(1, 3)2E = (Sk1(1, 1)0E), (8.217)
vertex algebra associated to an even lattice 163
Sk1(1, 3)0ω
[1]
0 E
=
z2(12z4 − 14z2 − 9)
4z4 + 6z2 + 1
ω
[k]
−2(Sk1(1, 1)0E) +
z2(2z2 + 1)
4z4 + 6z2 + 1
ω
[2]
−2(Sk1(1, 1)0E)
+
z2(2z2 + 1)
4z4 + 6z2 + 1
ω
[1]
−2(Sk1(1, 1)0E) +
−2z2(12z4 − 14z2 − 9)
12z4 + 18z2 + 3
ω0ω
[k]
−1(Sk1(1, 1)0E)
+
−z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1 ω0ω
[2]
−1(Sk1(1, 1)0E) +
−z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1 ω0ω
[1]
−1(Sk1(1, 1)0E)
+
−(2z2 − 1)(12z4 − 2z2 − 1)
8z6 + 4z4 − 10z2 − 2 ω0ω0ω0(Sk1(1, 1)0E)
+
2z4(12z4 − 14z2 − 9)
12z4 + 18z2 + 3
ω
[k]
−1Sk1(1, 1)−1E +
z2(2z2 − 1)(3z2 + 2)
4z4 + 6z2 + 1
Sk1(1, 1)−3E
+
−2z4
4z4 + 6z2 + 1
ω
[2]
−1Sk1(1, 1)−1E
+
2z4
4z4 + 6z2 + 1
ω
[1]
−1Sk1(1, 1)−1E
+
−z2(10z4 − 2z2 + 1)
4z6 + 2z4 − 5z2 − 1 ω0Sk1(1, 1)−2E
+
z2(2z2 + 1)(6z4 − 4z2 + 1)
4z6 + 2z4 − 5z2 − 1 ω0ω0Sk1(1, 1)−1E
+
−2z4(2z2 − 1)
4z4 + 6z2 + 1
Sk1(1, 2)−2E
+
z2(24z6 − 4z4 + 8z2 − 1)
8z6 + 4z4 − 10z2 − 2 ω0Sk1(1, 2)−1E
+
2z4(12z4 − 14z2 − 9)
12z4 + 18z2 + 3
√−1ω[k]−1Sk2(1, 1)−1E
+
z2(z − 1)(z + 1)(2z2 + 1)
4z4 + 6z2 + 1
√−1Sk2(1, 1)−3E
+
4z4
4z4 + 6z2 + 1
√−1ω[1]−1Sk2(1, 1)−1E
+
z2(12z4 − 2z2 − 1)
4z4 + 6z2 + 1
√−1ω0ω0Sk2(1, 1)−1E
+
3z2(2z2 − 1)(2z2 + 1)2
8z6 + 4z4 − 10z2 − 2
√−1ω0Sk2(1, 2)−1E
+
−z2(2z2 + 1)2
4z4 + 6z2 + 1
√−1Sk2(1, 3)−1E, (8.218)
vertex algebra associated to an even lattice 164
Sk1(1, 3)1ω
[1]
0 E =
−(2z2 − 1)
3
ω
[2]
−1(Sk1(1, 1)0E) +
−(2z2 − 1)
3
ω
[1]
−1(Sk1(1, 1)0E)
+
−(4z2 − 5)
3
ω0ω0(Sk1(1, 1)0E)
+
(2z2 − 1)2
6
Sk1(1, 1)−2E
+
8z4 − 8z2 − 1
6
ω0Sk1(1, 1)−1E
+
4z4 − 6z2 − 1
6
√−1Sk2(1, 1)−2E
+
8z4 − 12z2 + 1
6
√−1ω0Sk2(1, 1)−1E
+ z2
√−1Sk2(1, 2)−1E,
Sk1(1, 3)2ω
[1]
0 E = −(z2 − 3)ω0(Sk1(1, 1)0E) + z2(z2 − 2)Sk1(1, 1)−1E
+ z2(z2 − 3)√−1Sk2(1, 1)−1E,
Sk1(1, 3)3ω
[1]
0 E = 3(Sk1(1, 1)0E), (8.219)
vertex algebra associated to an even lattice 165
Sk1(1, 3)0Sk1(1, 1)0E =
2z2
3
ω
[k]
−3E + z
2H
[k]
−1E
+
12z4
16z2 + 3
ω
[2]
−1ω
[1]
−1E
+
10z2
16z2 + 3
ω
[1]
−3E
+
−12z2(z2 + 1)
16z2 + 3
ω
[1]
−1ω
[1]
−1E
+
15z2
16z2 + 3
H
[1]
−1E
+
−3z2(7z2 + 1)
32z2 + 6
ω0ω
[2]
−2E
+
3(7z4 − 9z2 − 4)
32z2 + 6
ω0ω
[1]
−2E
+
−3z2(3z − 1)(3z + 1)
16z2 + 3
ω0ω0ω
[2]
−1E
+
3(9z4 + 3z2 + 2)
16z2 + 3
ω0ω0ω
[1]
−1E
+
−3(3z − 1)(3z + 1)
32z2 + 6
ω0ω0ω0ω0E
+
−9
16z2 + 3
ω
[1]
−2(ω
[1]
0 E)
+
−6
16z2 + 3
ω0ω
[2]
−1(ω
[1]
0 E)
+
−3
16z2 + 3
ω0ω0ω0(ω
[1]
0 E)
+
−6z2(2z2 + 1)
16z2 + 3
√−1ω[1]−1S21(1, 1)−1E
+
3(7z4 + 5z2 + 2)
32z2 + 6
√−1ω0S21(1, 1)−2E
+
3(3z2 − 1)(3z2 + 1)
16z2 + 3
√−1ω0ω0S21(1, 1)−1E
+
−15z2
16z2 + 3
√−1ω0S21(1, 2)−1E, (8.220)
vertex algebra associated to an even lattice 166
Sk1(1, 3)1Sk1(1, 1)0E = z
2ω
[k]
−2E
+
−z2(6z2 − 1)
14z2 + 2
ω
[1]
−2E
+
8z6
7z2 + 1
ω0ω
[2]
−1E
+
−2z2(2z2 + 1)2
7z2 + 1
ω0ω
[1]
−1E
+
4z4
7z2 + 1
ω0ω0ω0E
+
z2
7z2 + 1
ω
[2]
−1(ω
[1]
0 E)
+
z2
7z2 + 1
ω
[1]
−1(ω
[1]
0 E)
+
8z2 + 1
14z2 + 2
ω0ω0(ω
[1]
0 E)
+
−z2(2z2 + 1)
14z2 + 2
√−1S21(1, 1)−2E
+
−4z4(2z2 + 1)
7z2 + 1
√−1ω0S21(1, 1)−1E
+
−z2(2z2 + 1)
14z2 + 2
√−1S21(1, 2)−1E,
Sk1(1, 3)2Sk1(1, 1)0E = 2z
2ω
[k]
−1E,
Sk1(1, 3)3Sk1(1, 1)0E = 0,
Sk1(1, 3)4Sk1(1, 1)0E = z
2E, (8.221)
Sk2(1, 1)0E =
√−1(Sk1(1, 1)0E), (8.222)
Sk2(1, 1)0ω
[1]
0 E = −z2
√−1ω0(Sk1(1, 1)0E) + z2(z2 + 1)
√−1Sk1(1, 1)−1E
− z4Sk2(1, 1)−1E, (8.223)
vertex algebra associated to an even lattice 167
Sk2(1, 1)0Sk1(1, 1)0E = 2z
2
√−1ω[k]−1E + 2z2(z − 1)(z + 1)
√−1ω[2]−1E
− 2z4√−1ω[1]−1E + (z − 1)(z + 1)
√−1ω0ω0E
+
√−1ω0(ω[1]0 E) + z2(2z2 − 1)S21(1, 1)−1E,
Sk2(1, 1)1Sk1(1, 1)0E = −
√−1ω0E +
√−1(ω[1]0 E),
Sk2(1, 1)2Sk1(1, 1)0E = z
2
√−1E, (8.224)
Sk2(1, 2)0E = −
√−1ω0(Sk1(1, 1)0E) + z2
√−1Sk1(1, 1)−1E − z2Sk2(1, 1)−1E,
Sk2(1, 2)1E = −
√−1(Sk1(1, 1)0E), (8.225)
Sk2(1, 2)0ω
[1]
0 E =
2(z2 + 1)
3
√−1ω[2]−1(Sk1(1, 1)0E)
+
2(z2 + 1)
3
√−1ω[1]−1(Sk1(1, 1)0E)
+
4z2 + 1
3
√−1ω0ω0(Sk1(1, 1)0E)
+
−(z2 + 1)(2z2 − 1)
3
√−1Sk1(1, 1)−2E
+
−(4z4 + 2z2 + 1)
3
√−1ω0Sk1(1, 1)−1E
+
2z4 + 1
3
Sk2(1, 1)−2E
+
(2z2 − 1)(2z2 + 1)
3
ω0Sk2(1, 1)−1E
+ z2Sk2(1, 2)−1E,
Sk2(1, 2)1ω
[1]
0 E = z
2
√−1ω0(Sk1(1, 1)0E)− z2(z2 + 1)
√−1Sk1(1, 1)−1E
+ z4Sk2(1, 1)−1E, (8.226)
vertex algebra associated to an even lattice 168
Sk2(1, 2)0Sk1(1, 1)0E = −z2
√−1ω[k]−2E
+
−(6z4 − 3z2 − 4)
7z2 + 1
√−1ω[1]−2E
+
4z2(4z4 + z2 − 1)
7z2 + 1
√−1ω0ω[2]−1E
+
−4(4z6 + 5z4 + z2 + 1)
7z2 + 1
√−1ω0ω[1]−1E
+
2(4z4 + z2 − 1)
7z2 + 1
√−1ω0ω0ω0E
+
2(z2 + 2)
7z2 + 1
√−1ω[2]−1(ω[1]0 E)
+
2(z2 + 2)
7z2 + 1
√−1ω[1]−1(ω[1]0 E)
+
8z2 + 3
7z2 + 1
√−1ω0ω0(ω[1]0 E)
+
(z2 + 2)(2z2 + 1)
7z2 + 1
S21(1, 1)−2E
+
2(2z2 + 1)(4z4 + z2 − 1)
7z2 + 1
ω0S21(1, 1)−1E
+
z2(2z2 − 9)
7z2 + 1
S21(1, 2)−1E, (8.227)
Sk2(1, 2)1Sk1(1, 1)0E = −2z2
√−1ω[k]−1E + 2z2(z − 1)(z + 1)
√−1ω[2]−1E
− 2z4√−1ω[1]−1E + (z − 1)(z + 1)
√−1ω0ω0E
+
√−1ω0(ω[1]0 E) + z2(2z2 − 1)S21(1, 1)−1E,
Sk2(1, 2)2Sk1(1, 1)0E = 0,
Sk2(1, 2)3Sk1(1, 1)0E = −z2
√−1E, (8.228)
vertex algebra associated to an even lattice 169
Sk2(1, 3)0E =
1
3
√−1ω[2]−1(Sk1(1, 1)0E) +
1
3
√−1ω[1]−1(Sk1(1, 1)0E)
+
2
3
√−1ω0ω0(Sk1(1, 1)0E) + −(2z
2 − 1)
6
√−1Sk1(1, 1)−2E
+
−(4z2 + 1)
6
√−1ω0Sk1(1, 1)−1E + 2z
2 + 1
6
Sk2(1, 1)−2E
+
(2z − 1)(2z + 1)
6
ω0Sk2(1, 1)−1E,
Sk2(1, 3)1E =
√−1ω0(Sk1(1, 1)0E)− z2
√−1Sk1(1, 1)−1E
+ z2Sk2(1, 1)−1E,
Sk2(1, 3)2E =
√−1(Sk1(1, 1)0E), (8.229)
vertex algebra associated to an even lattice 170
Sk2(1, 3)0ω
[1]
0 E
=
12z6 − 2z4 + 9z2 + 3
4z4 + 6z2 + 1
√−1ω[k]−2(Sk1(1, 1)0E) +
z2(2z2 + 1)
4z4 + 6z2 + 1
√−1ω[2]−2(Sk1(1, 1)0E)
+
z2(2z2 + 1)
4z4 + 6z2 + 1
√−1ω[1]−2(Sk1(1, 1)0E)
+
−2(12z6 − 2z4 + 9z2 + 3)
12z4 + 18z2 + 3
√−1ω0ω[k]−1(Sk1(1, 1)0E)
+
−z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0ω[2]−1(Sk1(1, 1)0E)
+
−z2(12z4 − 2z2 − 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0ω[1]−1(Sk1(1, 1)0E)
+
−(2z2 − 1)(12z4 − 2z2 − 1)
8z6 + 4z4 − 10z2 − 2
√−1ω0ω0ω0(Sk1(1, 1)0E)
+
2z2(12z6 − 2z4 + 9z2 + 3)
12z4 + 18z2 + 3
√−1ω[k]−1Sk1(1, 1)−1E
+
z2(2z2 − 1)(3z2 + 2)
4z4 + 6z2 + 1
√−1Sk1(1, 1)−3E
+
−2z4
4z4 + 6z2 + 1
√−1ω[2]−1Sk1(1, 1)−1E +
2z4
4z4 + 6z2 + 1
√−1ω[1]−1Sk1(1, 1)−1E
+
−z2(10z4 − 2z2 + 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0Sk1(1, 1)−2E
+
z2(2z2 + 1)(6z4 − 4z2 + 1)
4z6 + 2z4 − 5z2 − 1
√−1ω0ω0Sk1(1, 1)−1E
+
−2z4(2z2 − 1)
4z4 + 6z2 + 1
√−1Sk1(1, 2)−2E + z
2(24z6 − 4z4 + 8z2 − 1)
8z6 + 4z4 − 10z2 − 2
√−1ω0Sk1(1, 2)−1E
+
−2z2(12z6 − 2z4 + 9z2 + 3)
12z4 + 18z2 + 3
ω
[k]
−1Sk2(1, 1)−1E
+
−z2(z − 1)(z + 1)(2z2 + 1)
4z4 + 6z2 + 1
Sk2(1, 1)−3E
+
−4z4
4z4 + 6z2 + 1
ω
[1]
−1Sk2(1, 1)−1E +
−z2(12z4 − 2z2 − 1)
4z4 + 6z2 + 1
ω0ω0Sk2(1, 1)−1E
+
−3z2(2z2 − 1)(2z2 + 1)2
8z6 + 4z4 − 10z2 − 2 ω0Sk2(1, 2)−1E +
z2(2z2 + 1)2
4z4 + 6z2 + 1
Sk2(1, 3)−1E,
(8.230)
vertex algebra associated to an even lattice 171
Sk2(1, 3)1ω
[1]
0 E =
−2(z2 + 1)
3
√−1ω[2]−1(Sk1(1, 1)0E)
+
−2(z2 + 1)
3
√−1ω[1]−1(Sk1(1, 1)0E)
+
−(4z2 + 1)
3
√−1ω0ω0(Sk1(1, 1)0E)
+
(z2 + 1)(2z2 − 1)
3
√−1Sk1(1, 1)−2E
+
4z4 + 2z2 + 1
3
√−1ω0Sk1(1, 1)−1E
+
−(2z4 + 1)
3
Sk2(1, 1)−2E
+
−(2z2 − 1)(2z2 + 1)
3
ω0Sk2(1, 1)−1E
− z2Sk2(1, 2)−1E,
Sk2(1, 3)2ω
[1]
0 E = −z2
√−1ω0(Sk1(1, 1)0E)
+ z2(z2 + 1)
√−1Sk1(1, 1)−1E
− z4Sk2(1, 1)−1E, (8.231)
vertex algebra associated to an even lattice 172
Sk2(1, 3)0Sk1(1, 1)0E =
2z2
3
√−1ω[k]−3E + z2
√−1H [k]−1E
+
12z2(z2 − 3)
16z2 + 3
√−1ω[2]−1ω[1]−1E
+
−2(11z2 + 18)
16z2 + 3
√−1ω[1]−3E
+
−12(z2 − 3)(z2 + 1)
16z2 + 3
√−1ω[1]−1ω[1]−1E
+
−3(11z2 + 18)
16z2 + 3
√−1H [1]−1E
+
−3(30z4 − 37z2 − 6)
64z2 + 12
√−1ω0ω[2]−2E
+
3(30z6 − 89z4 + 40z2 + 24)
64z4 + 12z2
√−1ω0ω[1]−2E
+
−3(2z4 − 59z2 + 6)
32z2 + 6
√−1ω0ω0ω[2]−1E
+
3(2z6 − 83z4 − 20z2 − 12)
32z4 + 6z2
√−1ω0ω0ω[1]−1E
+
−3(2z4 − 59z2 + 6)
64z4 + 12z2
√−1ω0ω0ω0ω0E
+
−9(z2 − 3)
16z4 + 3z2
√−1ω[1]−2(ω[1]0 E)
+
−6(z2 − 3)
16z4 + 3z2
√−1ω0ω[2]−1(ω[1]0 E)
+
3(14z2 + 9)
32z4 + 6z2
√−1ω0ω0ω0(ω[1]0 E)
+
6(z2 − 3)(2z2 + 1)
16z2 + 3
ω
[1]
−1S21(1, 1)−1E
+
−3(30z6 − 29z4 − 26z2 − 12)
64z4 + 12z2
ω0S21(1, 1)−2E
+
−3(2z6 − 73z4 − 5z2 + 6)
32z4 + 6z2
ω0ω0S21(1, 1)−1E
+
3(26z2 − 27)
32z2 + 6
ω0S21(1, 2)−1E
+ 3S21(1, 3)−1E, (8.232)
vertex algebra associated to an even lattice 173
Sk2(1, 3)1Sk1(1, 1)0E = z
2
√−1ω[k]−2E
+
−(6z4 − 3z2 − 4)
14z2 + 2
√−1ω[1]−2E
+
2z2(4z4 + z2 − 1)
7z2 + 1
√−1ω0ω[2]−1E
+
−2(4z6 + 5z4 + z2 + 1)
7z2 + 1
√−1ω0ω[1]−1E
+
4z4 + z2 − 1
7z2 + 1
√−1ω0ω0ω0E
+
z2 + 2
7z2 + 1
√−1ω[2]−1(ω[1]0 E)
+
z2 + 2
7z2 + 1
√−1ω[1]−1(ω[1]0 E)
+
8z2 + 3
14z2 + 2
√−1ω0ω0(ω[1]0 E)
+
(z2 + 2)(2z2 + 1)
14z2 + 2
S21(1, 1)−2E
+
(2z2 + 1)(4z4 + z2 − 1)
7z2 + 1
ω0S21(1, 1)−1E
+
z2(2z2 − 9)
14z2 + 2
S21(1, 2)−1E,
Sk2(1, 3)2Sk1(1, 1)0E = 2z
2
√−1ω[k]−1E,
Sk2(1, 3)3Sk1(1, 1)0E = 0,
Sk2(1, 3)4Sk1(1, 1)0E = z
2
√−1E, (8.233)
Sl1(1, 1)0Sk1(1, 1)0E = z
2Slk(1, 1)−1E, (8.234)
Sl1(1, 2)0Sk1(1, 1)0E = −z2Slk(1, 1)−2E + z2Slk(1, 2)−1E,
Sl1(1, 2)1Sk1(1, 1)0E = −z2Slk(1, 1)−1E, (8.235)
vertex algebra associated to an even lattice 174
Sl1(1, 3)0Sk1(1, 1)0E = z
2Slk(1, 1)−3E − z2Slk(1, 2)−2E + z2Slk(1, 3)−1E,
Sl1(1, 3)1Sk1(1, 1)0E = z
2Slk(1, 1)−2E − z2Slk(1, 2)−1E,
Sl1(1, 3)2Sk1(1, 1)0E = z
2Slk(1, 1)−1E, (8.236)
Sl2(1, 1)0Sk1(1, 1)0E = z
2
√−1Slk(1, 1)−1E, (8.237)
Sl2(1, 2)0Sk1(1, 1)0E = −z2
√−1Slk(1, 1)−2E + z2
√−1Slk(1, 2)−1E,
Sl2(1, 2)1Sk1(1, 1)0E = −z2
√−1Slk(1, 1)−1E, (8.238)
Sl2(1, 3)0Sk1(1, 1)0E = z
2
√−1Slk(1, 1)−3E − z2
√−1Slk(1, 2)−2E
+ z2
√−1Slk(1, 3)−1E,
Sl2(1, 3)1Sk1(1, 1)0E = z
2
√−1Slk(1, 1)−2E − z2
√−1Slk(1, 2)−1E,
Sl2(1, 3)2Sk1(1, 1)0E = z
2
√−1Slk(1, 1)−1E, (8.239)
Slk(1, 1)0Sk1(1, 1)0E = −z2Sl1(1, 1)−1E − z2
√−1Sl2(1, 1)−1E
−√−1ω0(Sl2(1, 1)0E),
Slk(1, 1)1Sk1(1, 1)0E = −
√−1(Sl2(1, 1)0E), (8.240)
vertex algebra associated to an even lattice 175
Slk(1, 2)0Sk1(1, 1)0E =
2z4
(z − 1)(z + 1)Sl1(1, 1)−2E
+
−2z2
(z − 1)(z + 1)ω0Sl1(1, 1)−1E
+
1
(z − 1)(z + 1)ω0ω0(Sl1(1, 1)0E)
+
−z2(2z − 1)(2z + 1)
(z − 1)(z + 1) Sl1(1, 2)−1E
+ 2z2
√−1Sl2(1, 1)−2E
+
−2z2
(z − 1)(z + 1)
√−1ω[2]−1(Sl2(1, 1)0E)
+
−2z2
(z − 1)(z + 1)
√−1ω[1]−1(Sl2(1, 1)0E)
+
−z2(2z − 1)(2z + 1)
(z − 1)(z + 1)
√−1Sl2(1, 2)−1E,
Slk(1, 2)1Sk1(1, 1)0E = 2z
2Sl1(1, 1)−1E + 2z
2
√−1Sl2(1, 1)−1E
+ 2
√−1ω0(Sl2(1, 1)0E),
Slk(1, 2)2Sk1(1, 1)0E = 2
√−1(Sl2(1, 1)0E), (8.241)
vertex algebra associated to an even lattice 176
Slk(1, 3)0Sk1(1, 1)0E =
−3z2(2z4 − 9z2 + 3)
20z4 − 30z2 + 3 Sl1(1, 1)−3E
+
18z4
20z4 − 30z2 + 3ω
[2]
−1Sl1(1, 1)−1E
+
−3z2(2z2 − 3)
20z4 − 30z2 + 3ω
[2]
−2(Sl1(1, 1)0E)
+
6z4
20z4 − 30z2 + 3ω
[1]
−1Sl1(1, 1)−1E
+
−3z4(12z4 − 12z2 − 1)
(z − 1)(z + 1)(20z4 − 30z2 + 3)ω0Sl1(1, 1)−2E
+
−3z2(12z4 − 10z2 − 3)
(z − 1)(z + 1)(20z4 − 30z2 + 3)ω0ω
[2]
−1(Sl1(1, 1)0E)
+
3z4(12z2 − 13)
(z − 1)(z + 1)(20z4 − 30z2 + 3)ω0ω0Sl1(1, 1)−1E
+
−3z2(8z2 − 3)
20z4 − 30z2 + 3Sl1(1, 2)−2E
+
3z2(48z6 − 56z4 + 2z2 + 3)
2(z − 1)(z + 1)(20z4 − 30z2 + 3)ω0Sl1(1, 2)−1E
+
3z2(4z4 + 2z2 − 1)
20z4 − 30z2 + 3 Sl1(1, 3)−1E
+
−3z2(z2 − 3)(2z2 + 1)
20z4 − 30z2 + 3
√−1Sl2(1, 1)−3E
+
12z4
20z4 − 30z2 + 3
√−1ω[2]−1Sl2(1, 1)−1E
+
3z2(2z2 − 3)
20z4 − 30z2 + 3
√−1ω[1]−2(Sl2(1, 1)0E)
+
−3z2(12z4 − 14z2 + 3)
20z4 − 30z2 + 3
√−1ω0Sl2(1, 1)−2E
+
3z2(12z4 − 10z2 − 3)
(z − 1)(z + 1)(20z4 − 30z2 + 3)
√−1ω0ω[1]−1(Sl2(1, 1)0E)
+
3(12z4 − 14z2 + 1)
2(z − 1)(z + 1)(20z4 − 30z2 + 3)
√−1ω0ω0ω0(Sl2(1, 1)0E)
+
9z2(16z6 − 24z4 + 8z2 − 1)
2(z − 1)(z + 1)(20z4 − 30z2 + 3)
√−1ω0Sl2(1, 2)−1E
+
3z2(2z2 − 1)(2z2 + 1)
20z4 − 30z2 + 3
√−1Sl2(1, 3)−1E, (8.242)
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Slk(1, 3)1Sk1(1, 1)0E =
−3z4
(z − 1)(z + 1)Sl1(1, 1)−2E
+
3z2
(z − 1)(z + 1)ω0Sl1(1, 1)−1E
+
−3
2(z − 1)(z + 1)ω0ω0(Sl1(1, 1)0E)
+
3z2(2z − 1)(2z + 1)
2(z − 1)(z + 1) Sl1(1, 2)−1E
− 3z2√−1Sl2(1, 1)−2E
+
3z2
(z − 1)(z + 1)
√−1ω[2]−1(Sl2(1, 1)0E)
+
3z2
(z − 1)(z + 1)
√−1ω[1]−1(Sl2(1, 1)0E)
+
3z2(2z − 1)(2z + 1)
2(z − 1)(z + 1)
√−1Sl2(1, 2)−1E,
Slk(1, 3)2Sk1(1, 1)0E = −3z2Sl1(1, 1)−1E − 3z2
√−1Sl2(1, 1)−1E
− 3√−1ω0(Sl2(1, 1)0E),
Slk(1, 3)3Sk1(1, 1)0E = −3
√−1(Sl2(1, 1)0E). (8.243)
For r, s ∈ {1, 2, 3}, i, j ∈ Z≥0 and a pair of distinct elements k, l ∈ {3, . . . , d},
one can compute Skl(1, r)iSk1(1, s)jE and Skl(1, r)iSk2(1, s)jE using the fact
that Skl(1, r)mE = 0 for all m ∈ Z≥0.
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9 Notation
V a vertex algebra.
U a subspace of a weak V -module.
ΩV (U) = {u ∈ U
∣∣∣ aiu = 0 for all homogeneous a ∈ V and i > wt a− 1.} (2.4).
p a non-zero complex number.
h a finite dimensional vector space equipped with a nondegenerate symmetric
bilinear form 〈 , 〉.
h an element of h with 〈h, h〉 = 1.
h[1], . . . , h[d] an orthonormal basis of h.
α an element of h with 〈α,α〉 = p.
M(1) the vertex algebra associated to the Heisenberg algebra.
L a non-degenerate even lattice of finite rank.
d the rank of L.
VL the vertex algebra associated to L.
θ the automorphism of VL induced from the −1 symmetry of L.
M(1)+ the fixed point subalgbra of M(1) under the action of θ.
V +L the fixed point subalgbra of VL under the action of θ.
K,M,N,W weak M(1)+ (or V +L )-modules.
I( , x) an intertwining operator for M(1)+.
ǫ(u, v) uǫ(u,v)v 6= 0 and uiv = 0 for all i > ǫ(u, v) if I(u, x)v 6= 0 and ǫ(u, v) = +∞
if I(u, x)v = 0, where I : M ×W → N((x)) is an intertwining operator and
u ∈M , v ∈W (2.7).
〈ωi〉X the space spanned by the elements ωji u, j ∈ Z≥0, u ∈ X.
A(V ) the Zhu algebra of a vertex operator algebra V .
ω = (1/2)h(−1)21 or (1/2)∑di=1 h[i](−1)21.
H = (1/3)(h(−3)h(−1)1 − h(−2)21).
J = h(−1)41− 2h(−3)h(−1)1 + (3/2)h(−2)21 = −9H + 4ω2−11− 3ω−31.
E = E(α) = eα + e−α where α ∈ h.
t an integer such that t ≥ ǫ(E, u) or t = ǫ(E, u) for a given element u.
ω[i] = (1/2)h[i](−1)2.
H [i] = (1/3)(h[i](−3)h[i](−1)1− h[i](−2)21).
Sij(l,m) = h
[i](−l)h[j](−m).
ǫS an integer such that ǫS ≥ ǫ(Sij , u) or ǫS = ǫ(Sij, u) for a given element u and
i, j ∈ {1, . . . , d}.
B a subspace of a weak M(1)+-module W (6.2).
z = 〈α, h[1]〉.
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